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Abstract

We propose a minimum distance estimation approach to quantile panel data models
where the unit effects may be correlated with the covariates. The estimation method is com-
putationally straightforward to implement and fast. We first compute a quantile regression
within each individual and then apply GMM to the fitted values from the first stage. The
suggested estimators apply (i) to grouped data, where we observe data at the individual
level, but the treatment varies at the group level, and (ii) to classical panel data, where we
follow the same units over time. Depending on the variables assumed to be exogenous, this
approach provides quantile analogs of the classical least squares panel data estimators such
as the fixed effects, random effects, between, and Hausman-Taylor estimators. For grouped
(instrumental) quantile regression, we provide a more precise estimator than the existing
estimators. We establish the asymptotic properties of our estimators when both the num-
ber of units and observations per unit jointly diverge to infinity. We suggest an inference
procedure that automatically adapts to the (potentially) unknown rate of convergence of
the estimators. Monte Carlo simulations show that our estimator and inference procedure
also perform well in finite samples when the number of observations per unit is small. In
an empirical application, we find that the introduction of the food stamp program increased
the birth weights only at the bottom of the distribution.

1 Introduction

Quantile regression, as introduced by Koenker and Bassett (1978), is the method of choice
when we are interested in the effect of a policy on the distribution of an outcome. The quan-
tile treatment effect function provides more information than the average treatment effect; for
instance, it allows evaluating the impact of the treatment on inequality. When panel data are
available, new identification and estimation strategies become feasible. The researchers can
alleviate endogeneity concerns, for instance, by allowing for correlated group effects. They

can obtain more precise estimates, for example, by using a random-effects estimator; or they
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can exploit individual-level variables to identify the impact of group-level variables, e.g., with
the Hausman and Taylor (1981) estimator. In this paper, we propose a minimum distance
estimation approach to quantile panel data models, which provides quantile analogs of the clas-
sical least-squares panel data estimators such as the fixed effects, random effects, between, and
Hausman-Taylor estimators.

We use a general notation (i and j subscripts) and terminology (individuals and groups)
that is more common to group data, where individual-level data is available, and the treatment
varies at the group level. For instance, in Autor et al. (2013), the groups are commuting
zones in the United States while they are schools in Angrist and Lang (2004). In both cases, the
treatment varies only between groups, but individual data are needed to estimate the conditional
distribution of the outcome within each group. Our results also apply to classical panel data,
where the data follow the same individual over time. In this part of the literature, the j units
are the individuals, and the ¢ units are the time periods. We discuss the application of our
results to this framework in Section 4.

In all cases, we perform the estimation in two stages. The first stage consists of group-level
quantile regressions using individual-level covariates at each quantile of interest. In the second
stage, the first stage fitted values are regressed on individual-level and group-level variables. If
these variables are potentially endogenous, an instrumental variable regression or, more gener-
ally, the generalized method of moment (GMM) estimator can be used. Thus, including external
or internal instruments in the second stage is straightforward. This estimator is simple to im-
plement, flexible, computationally fast, and can be used in various applied fields. While this
two-step procedure may sound unusual, Section 2.3 shows that it is numerically identical to the
standard estimators if we use least squares in the first stage and the appropriate instruments.

As a nonlinear estimator, first-stage quantile regression is subject to a bias that decreases as
the number of observations per group increases. Inference is justified in an asymptotic framework
where both the number of observations per group n, and the number of groups m diverge to
infinity.! Recently, Galvao et al. (2020) have weakened the requirements on the relative rate
of divergence of m and n for asymptotic normality of fixed effects quantile estimators. Using
their results, we show that our estimator is asymptotically normal under the condition that
m(logn)?/n — 0. Under this condition and other assumptions, we show that our estimators are
asymptotically normally distributed and centered at zero. The requirement on the growth rate
of n relative to m can be weakened if only the coefficient vector on group-level regressors is of
interest. In this case, the milder condition that /m(logn)/n — 0 is sufficient for an unbiased
asymptotic distribution.

The asymptotic distribution of the estimator is non-standard because the speed of conver-

gence is not the same for all coefficients. The speed of convergence depends on the moment

'Large n asymptotic has been widely used in the quantile and nonlinear traditional panel data literature as
well as in the nonstationary and dynamic panel data literature. For seminal contributions, see Phillips and Moon
(1999), Hahn and Kuersteiner (2002), and Alvarez and Arellano (2003).



conditions that are used to identify a parameter. More precisely, it depends on the interaction
between the instrument and the unobserved heterogeneity. We distinguish three cases. In the
first case, the moments exploit variation between groups, and there is group-level heterogeneity.
The coefficients of the variables that are identified by these moments converge at the \/m rate
(the ‘slow’ coefficients). In the second case, the moments only exploit within variation. This
can happen if there is no group level heterogeneity or if the instrument is set to exploit only
the variation within groups as in a within regression. The coefficient of the variables identified
by these moments converges at the faster /mn rate (the ‘fast’ coefficients). The third case is
an intermediate case that could occur if, for example, the level of group-level heterogeneity is
small. In this special case, the rate of convergence is unknown and lies between y/m and \/mn.
The differential rate of convergence has several consequences for the first-order asymptotic dis-
tribution: (i) The fast and slow coefficients are first-order asymptotically independent. (ii) If
a coefficient is identified by both within and between variations, then the between variation is
first-order asymptotically useless. For instance, the random-effect estimator is asymptotically
equivalent to the fixed-effects estimator.? (iii) The first-order asymptotic distribution of the
estimator of the slow coefficients is not affected by the first-stage estimation error. Using this
better approximation, we solve these three issues. This allows us to suggest a new quantile
random effects estimator that is more precise than the fixed effects estimator in finite samples.
We also improve the quality of the estimated standard errors by taking the first-stage estimation
error into account. Quite surprisingly, we find that clustering the standard errors in the second
stage automatically takes into account the first-stage error and provides an adaptive inference
procedure in the sense that it is uniformly valid in the rate of convergence of the moment condi-
tions and the estimator, including the intermediate case. Further, our inference does not require
estimating the density like in traditional quantile models.

This paper contributes to the literature on quantile panel data and IV models. A large
share of the literature focused on fixed effects models (see, for example, Canay, 2011; Galvao
and Kato, 2016; Gu and Volgushev, 2019). Koenker (2004) introduced a penalized quantile
fixed effects estimator that treated the individual heterogeneity as a pure location shift. Kato
et al. (2012) allow the group effects to depend on the quantile of interest and contribute to
the asymptotic theory of the estimator. Galvao and Wang (2015) suggest a two-step minimum
distance (MD) estimator as a computationally fast way to estimate fixed effects quantile panel
data model. Galvao and Poirier (2019) suggest using quantile regression as an estimator in
the presence of random effects. Our random effects estimator is different because we focus on
the conditional quantile function that also conditions on the group effect (see Remark 1 for a
discussion on conditional effects). In other words, we estimate a different parameter, and quantile
regression is not consistent for this parameter even if the random effects are not correlated with

the covariates.

2See Ahn and Moon (2014) for similar results for least-squares estimators.



Our class of estimators nests the MD estimators of Chamberlain (1994) and Galvao and
Wang (2015) as special cases. We generalize the results in Chamberlain (1994) by including
individual-level regressors and allowing the number of groups to go to infinity.? Galvao and
Wang (2015) are only interested in the effect of individual-level covariates and do not exploit
variation between individuals. In contrast, we aim to estimate the effect of both individual-level
and group-level regressors. Furthermore, we allow for both internal and external instruments.

Chetverikov et al. (2016) consider a quantile extension of the Hausman-Taylor model. They
focus on the effect of variables that vary only between groups and allow for instrumental vari-
ables for identification. The main difference compared to our setting is that, in the second stage,
we regress the fitted values on all variables while they regress the estimated intercept on the
group-level regressors. Since they use only the intercept in the second stage, their estimator is
not invariant to reparametrizations of the individual-level regressors. By keeping all the vari-
ables in the second stage, we can easily impose equality of the coefficients on the individual-level
regressors, which increases precision at a minimal cost from a computational perspective and
make the estimator invariant to reparametrization. Clearly, our estimator accommodates mod-
eling heterogeneous treatment effects by including interactions. Simulations using the same data
generating process as Chetverikov et al. (2016) show that our MD estimator has substantially
lower variance and MSE across all sample sizes considered. From a technical point of view, we
are able to weaken the growth rate of the number of observations per group n relative to the
number of groups m necessary to obtain unbiased asymptotic normality of the estimator of the
‘slow’ coeflicient. We also contribute to this literature by deriving the limiting distribution of
the estimator of the ‘fast’ coefficients, which were not studied by Chetverikov et al. (2016).

As an empirical application, we build on the work of Almond et al. (2011) and estimate the
distributional effect of the food stamp program on birth weight. Following the Food Stamp Act,
the number of counties that implemented a food stamp program increased substantially in the
late 1960s and in the beginning of the 1970s. To apply our minimum distance estimator, we
define groups as county-trimester cells. Thus, the subscript j indexes a county-trimester cell,
while the subscript ¢ defines an individual within this cell. We estimate the model separately
for black and white mothers, and we find that the food stamp program has a positive impact
on the lower tail of the birth weight distribution, mostly among blacks.

The remainder of the paper is structured as follows. Section 2 presents the model and the
estimator and briefly discusses equivalent methods to estimate average effects with panel data
models to motivate our two-step approach. Section 3 presents the asymptotic theory. Section

4 focuses more in detail on the estimation of traditional quantile panel data models, and we

3Chamberlain (1994) uses a different terminology because he considers cross-sectional regressions. He analyses
a quantile regression model with a finite number of combinations of values of the regressors. The number of cells
is thus finite, and the regressors are constant within each cell.

*Galvao and Wang (2015) consider a traditional panel data setting, thus, using their terminology, they focus
on estimating the effect of time-varying regressors



present a generalization of the Hausman test for the random effects assumption. Section 5
discusses the grouped quantile regression model and compares our estimator to the grouped IV
quantile regression of Chetverikov et al. (2016). Monte Carlo simulations to analyze the finite
sample performance are included in Sections 4 and 5. In Section 6, in an empirical application,
we study the effect of the food stamp program on the distribution of birth weight. Section 7

concludes.

2 Model and Minimum Distance Estimator

2.1 Quantile Model

We want to learn the effects of the individual-level variables x1;; and the group-level variables

w2 on the distribution of an outcome y;;. We observe these variables for the groups j = 1,...,m
and individuals ¢ = 1,...,n.° For some quantile index 0 < 7 < 1, we assume that
Q(7, yijl1ij, w25, v5) = 215 8(T) + w97(T) + T, ), (1)

where Q(7, yij|x1ij, 25, v;) is the 7th conditional quantile function of the response variable y;; for
individual ¢ belonging to group j given the Kj-vector of individual-level regressors x1;;, the Ko-
vector of time invariant variables 2;, and an unobserved random vector v; of unrestricted and
unknown dimension. In total, there are K1 + Ky = K parameters to estimate. The parameters
B(7), v(7) and the unobserved group heterogeneity «(7,v;) can depend on the quantile index
7. Depending on the setting, 5(7) or () (or both) might be the parameters of interest. We

normalize E[a(7,v;)] = 0, which is not restrictive because x; includes a constant.

Remark 1 (Conditional versus unconditional effects). In contrast to the average effect,
the definition of a quantile treatment effect depends on the conditioning variables. In this paper,
we model the distribution of y;; conditionally on the covariates and on the group effect a(7,v;).
Thus, even if the group effects are independent of the regressors, we identify different coefficients
than those identified by quantile regression as introduced by Koenker and Bassett (1978) or by
instrumental variable quantile regression as introduced by Chernozhukov and Hansen (2005).
The following example illustrates the difference between these parameters. Consider an appli-
cation where each group j corresponds to a region and each unit ¢ to an individual within this
region. We do not have any x1;; variable. We are interested in the effect of a binary treatment
x2;, which has been randomized and is, therefore, independent from «(7,v;). v(7) is the effect
of this treatment for individuals that rank at the 7 quantile of y;; in their region. On the other
hand, the quantile regression of y;; on x3; identifies the effect for individuals that rank at the
7 quantile in the whole country (given the treatment status). These are different parameters
except if a7, v;) is constant over j or if the treatment effect is homogeneous such that v(7) = ~.

Whether conditional or unconditional quantile treatment effects are of interest depends on the

5For notational simplicity, we assume a balanced panel. However, the results generalize to unbalanced datasets.



question at hand. For example, conditional quantile treatment effects are particularly of interest
to study within-group inequalities when groups might be regions or industries. For example,
Autor et al. (2016), and Engbom and Moser (2022) study the effect of the minimum wage on
within-state inequality, while Autor et al. (2021) study the effect of trade shock on wage in-
equality within local labor markets. If the unconditional effect is of interest, one can naturally
obtain the unconditional distribution functions by integrating out the group effects (and pos-
sibly the other variables) and then inverting the resulting distribution functions to obtain the

unconditional quantile functions, see Chernozhukov et al. 2013.°

When model (1) holds, the 7 quantile regression of y;; on z1;; and a constant using only
observations for group j identifies the slope 3(7) and the intercept x5;7(7)+a(7,v;). To identify
the coefficient on the group-level variables, we need to consider variation across groups. Note

that model (1) implies
E[Q(7, yij|T1ij, 25, vj)|T14j, T25] = .T/Mjﬁ(T) + $/2j’)/(7') + E [a(r, v))|z1i5, 225] -

If a(7,v;) is exogenous with respect to x1;; and x2; and the linear model is correctly specified,
E[ca(7,vj)|21i5, 2;] = 0 and this linear regression identifies the parameters of interest.” The last
representation suggests a two-step estimation strategy: (i) group-level quantile regression of y;;
on z145, (i) OLS regression of the fitted values from the first stage on x1;; and x;.

When the group effects (7, v;) are endogenous (possibly correlated with z1;; and xg;), we

assume that there is a L-dimensional vector (L > K') of valid instruments z;; satisfying
Elzija(r,vj)] = E [2ij (Q(7, yij|@1ij, 225, v5) — 24;8(7) — 2%;7(7))] = 0. (2)

Note that [(7) is identified in model (1) as long as there is some variation in z1;; within
some groups. For instance, we can include the demeaned regressors, %1;; = x1;; — Z1; with
Ty = n~t >, T14j, in the vector of instruments z;; because this variable will satisfy condition
(2) under strict exogeneity.® On the other hand, we need additional instruments to identify
v(7). Equation (2) suggests a similar estimation strategy as in the exogenous case but with the
instrumental variable estimator (or more generally the GMM estimator) in the second stage: (i)
group-level quantile regression of y;; on x1;;, (i) GMM regression of the fitted values from the

first stage on x1;; and x9; using z;; as instrument.

Remark 2 (Skorohod representation). The following Skorohod representation implies the

model defined in equation (1):

Yij = 158 (uiz) + w257 (uij) + aluis, v))

= q(z145, 25, wij, vj),

5We refer to Frolich and Melly (2013) for a discussion about conditional and unconditional treatment effects.
"Uncorrelation between a7, v;) and x1;; and z2; is sufficient to identify the linear projection.
8In the special case of traditional panel data, the demeaned regressors correspond to the within transformation.



where q(x15, x2j, uij, vj) is strictly increasing in w (while fixing the other arguments). We nor-
malize u;j|x1;5, 225, v ~ U(0, 1) such that g(x1;5, x25,u,v;) is the conditional quantile function.
v; ranks the groups while u;; ranks the individuals within a group. In this model, a sufficient
condition for equation (2) is (ui;,v;) AL 2. If the instrument does not vary within groups, only

vj A z; is sufficient.

Remark 3 (Heterogeneous coefficients). Our model allows only the intercept to differ
between groups.” Now consider a more general model where we also allow the slopes to differ
between groups:
Yij = 1558 (uig, v5) + w557 (uij, v;) + aluij, vj). (3)
If we maintain the conditional strict monotonicity assumption with respect to w;;, this model
implies that
Q(T, yijlx1ij, v25,v5) = ac'lijﬂ(T, vj) + x'ijy(T, vj) + (T, vj). (4)

In the exogenous case where (2145, z2;) AL vj, this implies

E[Q (7, yij 155, 225, 07) |21, 225 = 2y / B(r, v)dFy (v) + 7 / (r0)dFy (v) + / o, v)dFy (v)
= x,mB(T) + xIZj:V(T)

because we have normalized E[a(7,v;)] = 0. It follows that the linear projection of Q(7, yij|x1i5, 25, v;)
on x1;; and xo; identifies the average effects when these effects are heterogeneous. Thus, the
linear projection identifies the coefficients 5(7) and v(7) when the homogenous model (1) holds
and the average effect for all groups at the 7 quantile of their conditional distribution when
the heterogenous model (4) holds.'” Naturally, it is also possible to modelize the heterogeneity
between groups by estimating more flexible linear projections of Q(7,yij|14j, z25,v;). For in-
stance, we can interact x1;; with indicator variables for the groups, which allows for unrestricted

heterogeneity of 3(7,v;), or by interacting xo; with observable characteristics.

Remark 4 (Least-squares versus quantile regression in the second-stage). As discussed
in Remark 3, the projection identifies the average coefficients across groups when those are
heterogeneous. It is possible to analyze the inter-group heterogeneity if we impose model (3),
restrict vj to be a scalar, and impose the strict monotonicity of @1;;8(u, v) +x5,;v(u, v) + a(u, v)
with respect to v.!! When we normalize v;|z1;5, z9; ~ U(0,1) and «(r,6) = 0, we obtain in the

exogeneous case, for any 0 < 0 < 1,

Q(0,Q(7, yijlw1ij, w25, vj) [T 135, w25) = x7;;8(7, 0) + 2h;y(7, 6).

9This is the same model as in Chetverikov et al. (2016), where a similar Skorohod representation is derived in
their footnote 6.

1071 the endogenous case, we obtain the instrumental variable projection instead of the standard linear projec-
tion. For instance, if x2; is an endogenous binary variable and z;; is a binary instrument, we identify the average
treatment effects for the complying individuals at the 7 quantile of their conditional distribution.

111 the presence of multivariate heterogeneity, quantile regression identifies local average structural derivatives
of nonseparable models, see Hoderlein and Mammen (2007).



All coefficients have two quantile indices: one for the heterogeneity across groups and one for
the heterogeneity within groups.'? These heterogeneous coefficients are identified by a two-step
quantile regression: (i) 7 quantile regression of y;; on x5, (ii) # quantile regression of the
fitted values from the first-stage on x1;; and x3;. This alternative strategy identifies different
parameters and is outside the scope of this paper. We focus instead on the model defined by
equations (1) and (2), which is the same as in Chetverikov et al. (2016) and nests the fixed

effects quantile regression model (studied e.g. in Galvao et al., 2020).

2.2 Quantile Minimum Distance Estimators

Motivated by the representation in equation (2), we suggest a quantile version of the two-steps
procedure. In the first step, for each group j and quantile 7, we regress y;; on individual-level
variables x1;; and a constant using quantile regression. The intercept of the first stage regression
captures both the group effect o(7,v;) and the term z’2j7(7') as these vary only between groups.
In a second step, we regress the fitted values of the first stage on x1;; and x2;, using GMM with
instruments z;;.

Formally, the first stage quantile regression solves the following minimization problem for each

group and quantile separately:

n
Bi(r) = <BO,iji,j>, = argmin 1 Zpr(yi]’ — by — x7;;b1), (5)
(bo,b1)eRE1+1 TV 5

where p;(z) = (7 — 1{z < 0})z for z € R is the check function. The true vector of coefficients
for group j is given by (1) = (a(7,v;) + x5,;7(7), B(7)")". In the special case that the models

do not contain any z1,;; variables quantile regression estimates the percentile in each group.
Notation. Throughout the paper, we will use the following notation. Let #;; = (1,};;)’
and z;; = (r7,;,5;)". For each group j we define the following matrices. The n x K matrix
of group-level regressors X1; = (2141, Z142, - - -, Z145)’, the n X K matrix containing all regressors
X; = (@i1, xi2...,x1;) and the n x L matrix of instruments Z; = (21, 22, . . ., 2ij)’. Further,
we define two matrices for all observations. The mn x K matrix of regressors for all groups
X = (X],...,X],) and the mn x L matrix of instruments for all groups as Z = (Z{,...,2,,)’.
We let Y be the mn x 1 vector of the response variable. The fitted value for individual i in
group j at quantile 7 is 9 (1) = Bo; (1) + 33,11']'/3173' (7). Denote the n x 1 column vector of fitted

values for group j by Y;(7) = (4i1(7),...,%i7r(7)), and the mn x 1 vector of fitted values by
V(1) = (01(7)s - (7))

Remark 5 (Alternative first-stage estimators). The Koenker and Bassett (1978) quantile
regression estimator is not necessarily efficient. Newey and Powell (1990) suggest a semiparamet-

rically efficient weighted estimator of 3;(7). We prefer to use the unweighted quantile regression

12This is similar to the instrumental variable model in Chesher (2003) and Ma and Koenker (2006), which also
contains two quantile indices: one for the selection equation and one for the outcome equation.



estimator due to the difficulty of estimating the weights and the complex interpretation of the
estimates in case of misspecification. In our model (1), the variation within group to be ex-
ogenous. If this was not the case, it would be possible to use an instrumental variable quantile
regression (see e.g., Chernozhukov and Hansen, 2006) in the first stage, followed by the second
stage GMM regression described below.!> We do not explore this (computationally expensive)

extension in this paper.

The second stage consists in a GMM regression using E[g;(d, 7)] = 0 as a moment condition,
where g;(6,7) = Z]‘(f(jﬁj (1) —X;0(7)) and 6(7) = (B(7)’,v(7)")" is the K-dimensional vector of
coefficients. This moment restriction depends on the first stage and is the sample counterpart

of E[Z}a;(1,v;)]. The closed-form expression of the second stage estimator is

5(7.7) = (X2 (1) 2'X) X ZW () 2V (1), (6)

where W (7) is a L x L symmetric weighting matrix. If L = K, the second step estimator in (6)
simplifies to the IV estimator using Z as instrument.

Our two-step estimator is extremely simple to implement; it requires only routines perform-
ing quantile regression and GMM estimation, which are already available in many softwares.
In addition, we provide general-purpose packages for both R and Stata. Quantile regression,
which is computationally more demanding due to the absence of a closed-form solution, is used
only in the first stage, where there are fewer observations and a limited number of parameters
to estimate. The first stage is also embarrassingly parallelizable, which further increases the
computational speed. For this reason, our estimator remains computationally attractive in large
datasets with numerous groups. The second stage is a straightforward GMM estimator, which
includes OLS and two-stage least squares as special cases. Traditional panel data methods can
also be used in the second stage. For instance, in our application, we observe individuals born
in a given trimester in a given county. The subscript j defines a county-trimester cell, while
the subscript ¢ defines an individual within this cell. In the second stage, we include trimester,
county, and state x year fixed effects to estimate the effect of food stamps on the birth weight

distribution.

Remark 6 (Interpretation as a minimum distance estimator). Our estimator can be
written as a MD estimator, where the second stage imposes restrictions on the first-stage coeffi-
cients. For simplicity, in this remark, we consider the case where all the regressors are exogenous
and Z = X. The MD estimator minimizes

m

o(t) = argﬁmin > (Bi(7) = R;s(r)) W (7)(Bj(7) — R;é(7)), (7)

j=1
where W(T) is a K x K weighting matrix that might depend on the quantile index. The matrix
of restrictions R; is defined such that X iRy = Xj:

13An TV extension of the MD estimator of Galvao and Wang (2015) is suggested in Dai and Jin (2021).



. 0
R, — ( b )
(K14+1)xK K

]’-Xj then the MD estimator is algebraically identical to using OLS in the

If we set W(7) =
second stage.
Given the representation above, our estimator is an MD estimator. However, it does not corre-
spond to the textbook definition of a “classical minimum distance” estimator.'* In the classical
MD setup, all the sampling variance arises in the first stage: if we know the first stage coef-
ficients, we know the final coefficients. It follows that the efficient weighting matrix W (r) is
the inverse of the first-stage variance. In our case, the second stage also contributes to the
variance due to the presence of the group effects a(r,v;). Even if we know j;(7) (for a finite
number of groups), we cannot exactly pinpoint (7). The group effects play a role similar to
misspecification in the classical MD, but the resulting ‘bias’ disappears asymptotically as the
number of groups increases. This is the second important difference: the dimension of our first
stage estimates increases with the sample size while it is fixed for classical MD estimators.
The estimators suggested by Chamberlain (1994) and Galvao and Wang (2015) are special
cases of our estimator in which only the first stage estimation error matters, and the efficient
weighting matrix is the inverse of the first stage variance.'® In section 3, we derive the asymptotic

distribution when the estimation error of both stages matters.

2.3 Least Squares Minimum Distance Estimators

Since in our model we are interested in the within-group heterogeneity, we divide the process
into two steps where the first step consists of the group by group regressions. It turns out that in
the special case of a least squares first stage, splitting the problem into two steps, does not affect
the results. This section discusses the analogy between our minimum distance estimator and
traditional least squares (panel data) estimators in the special case that least squares regression
is used in the first stage.

We present some equivalent ways to compute various common estimators and show that they
can be estimated using our two-stage minimum distance approach. A more detailed discussion
including formal statements can be found in Appendix A with proofs in Appendix A.2.

Consider first a model with group effects and group-level regressors
Yij = o150 + aj + 5. (8)

The least squares fixed effects estimator can be computed by subtracting from each variable

See section 14.6 in Wooldridge (2010).

15The efficient MD estimator of Galvao and Wang (2015) is numerically identical to our estimator using an IV
second stage with instrument (Z;(7),¢;), with Z; (1) = X; (X[ X;V; ()X} X;) ' X} Z; = (X;V;(1)X})* Z;, where
Z; contains a constant, X1;, and ¢; is a group fixed effect. The symbol ™ denotes the Moore-Penrose inverse.

10



its group average and applying the ordinary least squares estimator.'® This within transforma-
tion eliminates the potential endogeneity coming from «; and provides a consistent estimator
without imposing assumptions on the unobserved group-level heterogeneity. This approach is
not applicable in quantile models, as there is no known transformation that eliminates the group
effects. In particular, in the traditional panel data context, time-demeaning or first-differencing
the variables modifies the interpretation of the quantile regression coefficients because the quan-
tiles are nonlinear operators. A second possibility to estimate fixed effects models consists in
estimating the group effects by including an indicator variable for each group. It is well-known
that this is algebraically identical to the within estimator. In quantile models, the dummy vari-
ables regression is computationally unattractive, as it requires estimating many parameters.'” In
addition, this approach does not provide a way to estimate the effect of the group-level variables,
especially when we need to exploit an instrumental variable to identify their effect.'®

A third numerically equivalent way to compute the least squares fixed effects estimator
consists in exploiting the exogenous within variation using instrumental variable. Setting #1;; =
x1;5 — T1; where Z1; = n-1 Z?:l 714 as an instrument in an instrumental variable regression is
numerically identical to the least squares fixed effects. This estimation procedure can be divided
into two stages. The first stage consists of group-level regressions for each j. The intercept of
each regression will absorb the unobserved heterogeneity «;. The second stage aggregates the
individual results by regressing the fitted values from the first stage on x1;; using the transformed
regressors, L1,; = T1;; — 1 where T1; = n-t Z?:l x1i5, as an instrumental variable. As shown
below, using the first-stage fitted values as the dependent variable does not affect the results in
the least squares model. Whereas, the instrument exploits only the variation within individuals,
thus yielding a within estimator. This procedure can be easily extended to quantile models,
where it substantially reduces the computational burden of quantile fixed effects estimation.'?

The two-step procedure is not specific to fixed effects but applies to a wide range of estima-

tors. We include the group-level regressors xo; in the model

Yij = 21558 + 2oy + aj + ey 9)

'8In the context of traditional panel data we would call the j units “individuals” and the j units “time peri-
ods”. Thus, this transformation consists in the time demeaning applied in traditional panel data literature that
eliminates time-invariant individual effects.

" This approach is nevertheless feasible thanks to the sparsity of the design matrix, see Koenker (2004), and
Koenker and Ng (2005).

8Koenker (2004) suggests a penalized quantile regression estimator with group effects, which can be interpreted
as a random effects estimator. However, the linear dependence between the group indicator variables and the
group-level variables implies that the effect of these variables is identified only from the individuals with fully
shrunken group effects, see Harding et al. (2020).

Y There is a fourth possibility to compute the least squares fixed estimator, which is similar to the third one,
but, not numerically identical to the within estimator. The first stage also consists of individual-level regressions
for each j. The second stage aggregates the slope coefficients directly by taking the average of the individual
slopes with weights proportional to the variance of the regressors within individuals. Galvao and Wang (2015)
suggests a similar estimator for the fixed effects quantile regression model. However, this averaging method does
not allow for the presence of group-level regressors and, more generally, does not exploit the between-individuals
variation.
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and consider our minimum distance estimator with a least squares first stage instead of quantile
regression. That is, the first stage consists of group-level least squares regressions, including
only the individual-level variables. The second stage is a linear GMM regression of the first-
stage fitted values on both individual-level and group-level variables. This two-step estimator
is algebraically identical to the one-step linear GMM regression of y;; on z;; under the mild
condition that for each group j, the matrix of instruments lies in the column space of the matrix
of first stage regressors (see Proposition 3 in Appendix A). The intuition is as follows. The
fitted values of the first-stage least squares regression can be written as Px;Y; where Py, is the
first-stage least squares projection matrix of group j. If the instrument matrix, Zj, is in the
column space of X, it follows that Px;Zj = Zj. Therefore, Z' Y = Z'Y and the two GMM
regressions are numerically identical. The matrix Z; will lies in the column space of X j if the
instruments are contained in Xj or are a linear combination of the columns of the matrix of
first-stage regressors. For example, demeaned individual-level regressors as well as group-level
variables fall into the last category. Since OLS and 2SLS are special cases of GMM, the same
result follows directly.

We can numerically obtain the most common least squares panel data estimators by selecting
different instrumental variables for the second step GMM regression. In essence, the instrument
determines which variation we exploit in the second stage.”’ For instance, we obtain the between
estimator by using the group averaged variables, Z1; and z3; as instruments. Instrumental
variable approaches are available also for random effects estimation. More precisely, while FGLS
is the most common estimator for the random effects model, Im et al. (1999) show that the
overidentified 3SLS estimator, with instruments #1;;, Z1;, and w2;, is numerically identical to
the random effects estimator. Since 3SLS is a special case of a GMM estimator, using the
first-stage fitted values as dependent variables does not change the estimates. Alternatively,
the random effects estimator can be implemented using the theory of optimal instrument with
a just identified 2SLS regression (see Im et al., 1999; Hansen, 2022). Finally, the Hausman-
Taylor estimator (Hausman and Taylor, 1981) can be implemented by selecting the following
instruments: #1;;, the group average of the exogenous regressors. External instruments might
also be included. Interestingly, in all cases, clustering the standard errors at the level of the
group (or at a higher level) is sufficient to capture the first stage estimation error, see Proposition
5 in Appendix A.2. These clustered standard errors are numerically identical to the standard

errors obtained after using the one-step GMM estimator with y;; as the dependent variable.

3 Asymptotic Theory

In this section, we state the assumptions and present the asymptotic results. All the proofs

are included in Appendix B. For simplicity of notation, in the following, we write a;(7) instead

20The IV approach to these panel data estimators can also be implemented in one stage with yij as the dependent
variable.
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of a(r,vj). We prove weak uniform consistency and weak convergence of the whole quantile
regression process for 7 € T, where 7 € (0,1) is a compact set of quantile indices of interest.
The symbol ¢°°(7T") denotes the set of component-wise bounded vector values function of 7~ and
~+ denotes weak convergence.

We start by writing the sampling error of ) (W, 7) as a sum of a component arising from the

first stage estimation error of (1) and a component arising from the second stage noise o (7):

Lemma 1 (Sampling error). Assume that the model in equation (1) holds, then
f .- -1, 1 &K oA
SOV, 7) = 6(r) = (SzxW(R)Sax)  SyaW(r)—— 33 2y (#(Bi(7) = Bi(7) + (7))

mn
j=1i=1

_ 1 N n o
where Szx = - Dim1 Qi1 Rij Ly -

We now state assumptions that ensure that both components are well-behaved. For the
analysis of the first stage estimator, we rely on results derived in Galvao et al. (2020) and make

the assumptions required in their Theorem 2:

Assumption 1 (Sampling). (i) The processes {(yij, Tij, zij) : @ € Z} are independent across

j. (it) For each j, the observations (yij, X1ij, 21ij)i=1,...,n are i.i.d. across i.

Assumption 2 (Covariates). (i) Forallj=1,...,m and alli =1,...,n, ||z;] < C almost
surely. (1) The eigenvalues of E[$1ij$/1ij] are bounded away from zero and infinity uniformly

across j.

Assumption 3 (Conditional distribution). The conditional distribution F, .. (y|z) is

(ylz).

twice differentiable w.r.t. y, with the corresponding derivatives fy, |z, (y|x) and fl’/ijmw

Further, assume that
fmaz =Ssup sup ‘fyij\xlij (y’[IJ)‘ < oo
j yeERzeXx

and

Fmsup sw |f,
j yeERzeX

(ylz)| < oo.

ij| %1
where X is the support of x1;;

Assumption 4 (Bounded density). There exists a constant fpin < fmaez Such that

These are quite standard assumptions in the quantile regression literature. In Assumption 1,
we assume that the processes are independent across j; this assumption can also be relaxed by
allowing for clustering between groups. We also assume that the observations are i.i.d. within

group, but this can be relaxed at the cost of a more complex notation by applying Theorem 4
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in Galvao et al. (2020), which requires only stationarity and [-mixing. The estimator of the
asymptotic variance that we suggest below is consistent in both cases. Assumption 2 requires
that the regressors are bounded and that E [azlijx’lij] is invertible. Assumptions 3 and 4 impose
smoothness and boundedness of the conditional distribution, the density, and its derivatives.

For the second stage GMM regression we impose the following assumptions:

Assumption 5 (Instruments). (i) For all j =1,...,m and alli=1,...,n, ||z;|| < C a.s.
(it) For all j = 1,...,m and all i = 1,...,n, Elz;;a;(7)] = 0. (i) For all j = 1,...,m
and all @ = 1,...,n, yi; is independent of z;; conditional on (x;j,v;). (iv) As m — oo,

m~1 Z;n:1 Ej[zijx;j] — Yzx where the singular values of Yzx are bounded from below and

from above.

Assumption 6 (Group effects).
(i) For all j = 1,...,m, E [sup,cr |oj(7)|*T5¢] < C forec > 0. (ii) For some (matriz-valued)
function Qo : T x T — REXE mp~1 > i1 Elay(m)e(m2)zij2i5] — Qao(1,m2) uniformly over

1,72 € T. (i) For all 1,72 € T, |aj(12) — aj(m1)| < Clre — 7).

Assumption 7 (Coefficients). For all 7,72 € T and j = 1,...,m, ||Bj(r2) — Bj(m)|| <

Clra — 11].

These assumptions are the same as in Chetverikov et al. (2016). For the instrumental
variables, we assume that (i) they are bounded, (ii) they are not correlated with the group effect
(exclusion restriction), (iii) they do not affect the first stage estimation (this is often satisfied
by construction, e.g. when the instruments do not vary within individuals or are a linear
transformation of the first stage regressors), and (iv) they satisfy the relevance conditions. For
the group effects we assume that they have a finite fourth moment, and the average variance of
zija;(T) converges to a well-defined matrix. Finally, we assume that the group effects and the
coeflicients are continuous functions of the quantile index.

Since the unobserved heterogeneity a(7,v;) is group-specific, we require that the number of
groups m diverges to infinity. The first stage quantile regression estimator is a nonlinear esti-
mator that has potentially a bias of order % Hence, for consistency, the number of observations
per group n must also diverge to infinity. For unbiased asymptotic normality, we need the bias
to shrink faster than the standard deviation of the estimator. We will show that some elements
of & (W, 7) converge at the y/m rate such that we need that n goes to infinity more quickly than
v/m. On the other hand, other elements converge at the \/mn rate so that n goes to infinity more

quickly than m. We state these three different relative growth rates in the following assumption:

Assumption 8 (Growth rates). As m — oo, we have

((l) logm N 0’

n

(b) Ymlosn _,
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(c) mlosn?

In our first result, we establish uniform consistency of our estimator. In addition to the
previously stated conditions, we assume that the estimated weighting matrix uniformly converges

to a strictly positive definite matrix that is continuous in the quantile index.?!

Theorem 1 (Uniform consistency). Let the model in equation (1), Assumptions 1-7 as well
as Assumption 8(a) hold. Uniformly in T € T, W(r) — W (1) where W (r) is strictly positive
P
definite and, for all 71,70 € T, ||[W(12) — W(m)|| < C|m2 — 11|. Then,
sup||6(7) — 8(r)|| = 0,(1).
TET

We now study the asymptotic distribution of our estimator. In Lemma 1 we see that the

sample moment condition is made of two terms. It is useful to consider them separately:

6. = =SS il (i) - Bi(0) (10)

j=11i=1
1 m n

G (0,7) = o Z Zzijaj(T) (11)
j=1i=1

such that total moment condition is the sum of both components: gmn(& T) = 9%7)1(5,7-) +

gﬁﬁ%(é,r) = ﬁ Z;”Zl S gij(g,T). Lemma 2 establishes joint asymptotic normality for the

entire moment condition processes.

Lemma 2 (Asymptotic distribution of the sample moments). We assume that Assump-
tions 1-7 hold.

(i) Under Assumption 8(c), as m — oo,
Vmng) (6,4 ~ Zy (), in 1°°(T), (12)

where Z1(-) is a mean-zero Gaussian process with uniformly continuous sample paths and co-
variance function Qi (7, 7") = E; |Xzx;V;(T, T’)Z/ZX]} with Yzx; = E[zlj:%’lj] and V;(t,7') is

the asymptotic variance-covariance matriz of Bj(T) and Bj(T’):
Vi1, 7') = Bl fy)0(Qyo (71215)F1)E1;81;] " (min(r, 7) =77 VE[E 1,81 By [0 (Quja (7| 15) F1557]
(i) Under Assumption 8(b), As m — oo,

VMg (8,) ~ Za(-), in 1°°(T), (13)

where Zs(+) is a mean-zero Gaussian process with uniformly continuous sample paths and co-

variance function Qo(7,7"), which is defined in Assumption 6(ii).

21The efficient weighting matrix suggested below may actually be asymptotically singular. For this reason, in
Appendix B we also provide an alternative consistency result (Theorem 1’) that applies to the efficient estimator.
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(iii) Under Assumption 8(c), as m — oo, sup (Qﬁnlgl(g, -),Q,%)I(S, )) =op ().
T€T

gfﬁ%(é , -) reflects the estimation error that arises in the first stage quantile regression estima-

tion. Since the first-stage regressors vary within groups, the relevant number of observations is
mn and, correspondingly, the variance is proportional to 1/(mn). On the other hand, since the
bias of the first-stage quantile regression is of order 1/n, for asymptotic unbiasedness, we must
require that n goes to infinity slightly faster than m. In the proof we build on results derived in
Volgushev et al. (2019) and in Galvao et al. (2020). g,(ﬁ,)l(s, -) reflects the estimation error due
to the randomness in o;(7). This moment can also be interpreted as the moment that would
be relevant if we knew (3;(7). Since o;(7) varies only between groups, the relevant number of
observations here is m and, accordingly, the variance of this moment converges at the slower rate
of 1/m. For asymptotic unbiasedness, we need only the weaker condition 8(b), which requires
that n goes to infinity slightly faster than /m.

The moment condition gmn(& 7) is, thus, the sum of two components that converge at
different rates to zero. Its first-order asymptotic distribution will be dominated by the slowest
component, which is g,ﬁf,l(&r), except if its variance is zero. Since the degree of group-level
heterogeneity affects this variance, it is useful to consider three cases: strong heterogeneity,
no heterogeneity, and weak heterogeneity. We first derive the asymptotic distribution of our
estimator when the level of heterogeneity is known and then we suggest an estimator that is
efficient in all cases and adaptive inference procedures.

We start with the case of strong heterogeneity that we define to be Var(a;(7)) > ¢ > 0
uniformly in 7.22 We must distinguish between two sort of instruments: L; instruments in 21,5
satisfy z1; = 0 for all j, while Ly instruments in zp;; satisfy Zp; # 0 at least for some groups
J. We order the instruments such that z;; = (ziij, zéij)’. Note that instruments that vary only
within groups can be normalized to have mean zero. For instance, we can identify the effect
of individual-level variables x;; by instrumenting it with @;; = x;; — ;, which has a mean of
zero in all groups and corresponds to the fixed effects estimator. For instruments of the first
type, the associated elements of g,(,%% (3 ,-) = 0 such that the corresponding elements of gmn(S, )
converge at the \/mn rate. Thus, we have L; ‘fast’ moments that converge at the /mn rate
and L ‘slow’ moments that converge at the \/m rate.

The rate of convergence of each element of B (W, -) is determined by the rate of convergence of
the moments that are used asymptotically to estimate this parameter. In the exactly identified
case, our estimator simplifies to the instrumental variable estimator such that the estimation
error is

0(7) — 8(T) = S7%Fmn

22We will allow later for different levels of heterogeneity at different quantiles but keep the exposition simple
at the moment.
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and Szx — Yzx. We partition Xz x and assume that it is block lower triangular:
P

Syx = <§11 §1Q> _ <§11 E0 > (14)
21 2422 21 2422
where Y11 is L1 X K1, Y1218 L1 X K9, Y91 is Loy X K71 and Y99 is Ly X K5. Then it follows that
the first K elements of ¢ are determined only by the ‘fast’ moments while the remaining Ko
elements are also determined by the ‘slow’ moments.

The coefficients on variables that vary only between groups cannot be estimated using the
‘fast’ instruments 21,5, which do not vary between groups. Formally, the full rank condition 5(iv)
requires that group-level variables are identified with instruments that vary between groups.
The related coefficients will necessarily converge at the slow /m rate. On the other hand,
coeflicients on individual-level variables can be estimated using only the within-group variation,
that is by using @;; as instrument for x;;. These instruments are by construction uncorrelated
with variables that vary only across group, which satisfies condition 14. For this reason and
to avoid additional notation, we denote the number of individual-level variables and of ‘fast’
coefficients by the same symbol K;.%3

When the model is overidentified, condition (14) does not guarantee that the ‘slow’ instru-
ment will not contaminate if the asymptotic GMM weighting matrix W (7) has full rank, then
the slow moments will asymptotically dominate. Since the rate of convergence of these pro-
cesses are different, the rate of convergence and the first-order asymptotic approximation will
be determined by the slower moment, which is gﬁ%(é ,).

We summarize and formalize this discussion in the following theorem.

Theorem 2 (Asymptotic distribution when the degree of heterogeneity is known).
Let Assumptions 1-7 hold. In addition, W (1) — W (7) uniformly in 7 € T. We partition the
P

L x L weighting matriz as follows

_ (Wl(r) Wia(7)
W(T) o <W21(7’) WQQ(T))

where Wh1(7) is a Ly X Ly matriz and Waa(T) a Lo X Lo matriz. For all 11,70 € T, ||W(12) —
W(n)|| < Clre — 71|. Let 11 and Xoo be the Ly x Ky upper-left and Lo x Ky bottom-right

submatrices of Yz x.

(i) Let Assumption 8(c) hold, W11(7) is strictly positive definite, Wia(7) = 0, Wai(7) = 0, and
Waa(7) = 0. Then,

A~ ~

Vmn(o (W (), ) = 01() ~ Gi()Zu(:), in 1%°(T), (15)

where Gy (1) = (X}, Wi (1)211) ™" 25, Wi (7).

23The results can be trivially extended to the case where some individual-level variables are identified using
only group-level variables.
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(ii) Let Assumption 8(b) hold and W (1) is strictly positive definite, then

~ A

Vm(02(W(-),-) = 02(-)) ~ Ga() Za(-), in 1°°(T), (16)
where Go(T) = (ShyWaa (7)S02) " Sy Waa (7).

The asymptotic distribution in Theorem 2(ii) is the same as in Chetverikov et al. (2016)

2/3 1/2
m nlogn S5 0to™ nlogn 50

but we were able to weaken the growth rate condition from
by exploiting new results in Galvao et al. (2020). 6, (W,7) and do(W,7) have both different
rates of convergence, and require different growth conditions. These estimators are first-order
efficient if Wy(7) = Q1(7)~! and Wa(7) = Qa(7)"!. These results have several weaknesses.
First, the asymptotic distribution is not uniform in Var(c;(Z;7)) and the rate of convergence
changes discontinuously if, for example, Var(Z;a;(7)) converges to zero. Second, for 61 (W, 1), we
do not use the information contained in the slow moments. Consider, for example, the random
effects estimator where all the regressors are individual-level. The vector of instruments consists
of z;; — ¥; and ;. Considering only the first-order asymptotic distribution, we can obtain a
first-order efficient estimator by giving zero weights to the slow moments. In other words, the
instruments T; are not used because their contribution is asymptotically negligible, and the
random effects estimator would be equivalent to the fixed effects estimator.?® Third, for the
32<W,7'), variance coming from the first stage does not appear in the asymptotic distribution
because it converges to zero at a quicker rate. Consequently, inference may have poor properties.
To solve these issues, we keep both moments together, implement adaptive inference that takes
the first stage error into account, and use the slow moment with weights that decline at the n=!
rate.

Note that

Following standard GMM arguments, the efficient weighting matrix is given by

204 20, a7)

W (r)* = (Qu(7)/n+Qa(7)) . (18)

With this weight matrix, asymptotically, the fast moments get weighted infinitely more than
the slow moments, so the parameters identified by the fast moments will converge at the \/mn
rate. The parameters that are identified only by the slow moments will not be affected by Wy
such that their asymptotic distribution will depend only on Wy.%?

We estimate this weighting matrix by

-1
W) =00 = | -3 Za (i) 7
j=1

24This is not specific to quantile models and also affects least squares models with large n (see Ahn and Moon,
2014).

25 As we can see in the proof of Proposition 2, the fact that W, is multiplied with n does not cause a problem
because the weighting matrix matters only up to scale.
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The n x 1 vector u;(7) contains the residuals from a preliminary second stage regression using
an inefficient weighting matrix. Consistency of ) follows directly by the proof of Proposition 1
below.

For asymptotic normality of the adaptive estimator we need to impose the strongest growth

rate condition 8(c):

Theorem 3 (Adaptive estimator). Let Assumptions 1-7 and 8(c) hold. Then,

VB0 = 80) = 66 (2 4 24 ) in =), (19)

where Z1(-) and Zy(-) are defined in Lemma 2.

We have seen that the convergence rate and the asymptotic distribution of our estimator
changes substantially depending on the data generating process. For this reason, we want to sug-
gest an adaptive inference procedure that is uniformly valid over different degree of heterogeneity
and convergence rates of the estimator. Surprisingly, we find that clustering the second-stage
covariance matrix at the individual level yields uniformly consistent estimator of the covariance
matrix over different degrees of unobserved heterogeneity and convergence rates. Thus, infer-
ence does not require estimating the density of the quantile regression in the first stage and
is computationally straightforward. Clustering automatically takes the first stage variance into
account also for y/m-consistent parameters, thus providing a higher-order improvement. This
simple procedure might work in a broader range of situations, and it is of interest on its own.
A similar bootstrap-based procedure is suggested in Ferndndez-Val et al. (2022).

To estimate the covariance matrix, define the n x 1 vector of residuals 4;(7) = Xij (1) —

ng(T). Then the covariance matrix of §(7) is estimated by

~ . -1 Y . . -1

Vs(r) = (X’ZWZ’X) X'Z2W S Zhay(r)ay(r) 2; | WZ'X (X’ZWZ’X) .

j=1
The following proposition shows that the covariance matrix consistent of uniformly in the

variance of zZ;a;.
Proposition 1 (Consistency of the estimated covariance matrix). Let assumptions 1-7
and 8(c) hold. Let n € RE with ||n|| > & > 0. Let

Qi (1) | Qa2(7)

Vi) = 6(r) () 4 220 gy
Then,
w5
Vi~
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Proposition 1 show that the clustered covariance matrix provides uniformly valid inference in
Var(Zjoj) and therefore, valid regardless of the speed of convergence of the moment conditions.
Similar results based on cross-sectional (clustered) bootstrap are suggested in Liao and Yang
(2018); Lu and Su (2022); Fernandez-Val et al. (2022).

If there are more moment conditions than parameters to estimate (L > K), it is possible
to test overidentifying restrictions with an overidentification test in the second stage (see e.g.
Hansen, 1982). More precisely, we want to test the hypothesis Ho : E[Z}c;(7)] = 0. Compared to
a traditional GMM, our overidentification test has to deal with the possible different convergence
rates of the elements of 5. We solve this issue by rescaling the efficient weight matrix by A,
where A, is a K x K diagonal matrix with y/n for the first K7 elements and 1 otherwise.
Let g;(d,7) = Z; (YJ(T) - Xj5(7)) and gn,(6,7) = L > j=19§(9,7). Define the GMM criterion

function

T (3(r)) = mam (8,77 (1)gm (8, 7), (20)

where § = A'QA-! is the inverse of the second order optimal weighting matrix. Note that
this weight matrix is uniformly efficient over different degrees of unobserved heterogeneity and

different convergence rates of the moment conditions.

Proposition 2. Under the Hy and Assumptions 1-6 and 8(c) as n and m — oo, J(6(7)) LN

2
XL-K-

Hence, the criterion function J (3 (7‘)) can be used to assess the validity of the instruments.
In the next section, we show how this overidentification test can be used as a generalization of

the Hausman Test for the random effects estimator.

4 Traditional Quantile Panel Data Estimators
4.1 Fixed Effects, Random Effects and Between Estimators

In this section, we discuss a particular case of our model in which j indexes the individuals
and ¢ indexes the time periods. This case corresponds to the traditional panel data setting. In
this literature, the x1;; variables are usually called time-varying variables, and the xo; variables
are called time-invariant or time-constant variables. Through this section, we will use this
terminology (individuals and time periods) that is commonly used in traditional panel data.
The MD estimator can be used for many panel data models, including the fixed effects, the
random effects, the between, and the Hausman-Taylor model. The first stage estimator uses only
data for one individual at the time and is unaffected. In the second stage, as for least squares
estimation (see section 2.3), we compute panel data estimators by selecting different instruments.
Depending on the model, the instrument z;; will be defined so that the orthogonality condition

in equation (2) holds. More precisely, for fixed effects estimation, the instrument z;; contains
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the demeaned regressor 41;; and varies only within j. For the between estimator, z;; equals the
individual mean of the regressors Z;;. Finally, for the pooled estimator, z;; = a:ij.%

Implementing efficient estimation is one of the main challenges of quantile random effects as
the model is overidentified. We suggest two different estimators. The first is an efficient GMM
estimator, while the second uses optimal instruments. Given the first stage, we have the following

moment restriction:

E[Z;(X;5;(r) — X;6(7)] = 0. (21)

If the instrument Z; contains both the mean and the demeaned regressors, the efficient GMM
will optimally weight the within and between variation. The moment condition in equation
(21) contains both fast and slow moments, but the fast moments are sufficient to identify the
coefficients on the individual-level regressors. The first-order efficient weighting matrix would
give zero weights to the slow moment, and the random effects estimator would be identical
to the fixed effects estimator. Using an efficient weighting matrix, we obtain a more efficient
random effects estimator by also exploiting the between variation. The weighting matrix can
be computed as described in section 3. As m — oo, the relative weights given to the slow
moments converge to 0, and the random effect estimator converges to the fixed effects estimator
(see Baltagi, 2021; Ahn and Moon, 2014 for a similar argument in least squares models).

If we impose the stronger assumption that the moment restriction in equation (21) holds
conditional on Z;, we can use the theory of optimal instruments to derive a random effects esti-
mator. Optimal instruments are relevant when a researcher has a conditional moment restriction
of the form E[g;(d,7)|Z;] = 0. When a moment condition holds conditional on Z;, an infinite
set of valid moments exist, and one could use additional moments to increase efficiency. The
goal is to select the instrument that minimizes the asymptotic variance, which takes the form
zZy = Elg;(8,7)g;(0,7)|Z;] 1 R;(8,7), with R;(8,7) = E[%gj(é, 7)|Z;] (see, e.g., Chamberlain,
1987 and Newey, 1993). To implement the random effect estimator with optimal instruments,
we set Z; = X;. Under the additional assumption that E[a?(T)|X]-] = 02(7), the optimal in-
strument simplifies to Z(7) = (X]@XJ' + l;lnag(T))+Xj, where Vj(7) is the asymptotic
variance from the first stage for a group 7, 1,, is a n-dimenstional vector of ones, and ™ denotes
the Moore-Penrose inverse.?” If E[a?(7‘)|Xj] = 02(7), the random effect estimator based on
optimal instruments is efficient.

A few remarks about the optimal instruments follow. First, under standard random effects

assumptions, the optimal instrument applied to mean random effects models is numerically

identical to the FGLS estimator. Second, in least squares models, using the moment restrictions

26The fixed effects estimator, in general, does not allow estimating -, as the effect of time-constant variables is
not identified separately from the group effects. In some situations, it is still possible to estimate by strengthening
the assumption on the group-level regressors x2; without changing the assumptions on individual-level regressors
z155. If xg; is uncorrelated with «;, it is possible to consistently estimate v by regressing the fitted values for
each quantile 7 on z;; using demeaned z1;; and x2; as instruments. Therefore, our two-step approach allows us
to consistently estimate the effect of group-level regressors using the same approach as with linear regression.

Since the matrix (X; 27 X/ + 11,02 (7)) is singular, we use the Moore-Penrose inverse.
I n J
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with the true outcome or the first stage fitted values imply the same optimal instrument. To
put it differently, under random effects assumptions, the matrix X j %X’ ]' + I/ 1,02 simplifies to
the usual random effects structure. These results are summarized in Proposition 4 in Appendix
A.2. Third, if o, = 0, this estimator is identical to the efficient MD estimator (see Proposition
6 in Appendix C). Fourth, the optimal instrument depends on n analogously to the efficient
weighting matrix of the GMM estimator. As n increases, the first stage variance converges to
zero, and the generalized inverse will give infinitely more weights to the within variation and
asymptotically converge to the fixed effects estimator.

To make the optimal instrument approach operational, we need a consistent estimator of
Z3. In the following, we assume that E[af(T)|X ;] = 02(7) and we suggest estimators for V;(7)
and o2 (7). Compared to the classical random effects structure, we use the first stage variance.”®
This formula has two main advantages. First, it is straightforward to compute VJ Second, it
is possible to allow for dependence in the errors in the first stage regressions. The first stage
variance can be estimated by VJ(T) = A;l(T)Bj (7‘)/1;1(7) where flj (r)=r1-7)i¥", Tij Ty
and Bj(7) can be computed using the Kernel Density estimator of Powell (1991):

- 1~ (Vi = TBi(T) L

By(r) = —~ ;K<lj Tij T, (22)
where K(-) is the uniform kernel K(u) = $I(Ju| < 1). Alternatively, V;(7) can be estimated
by bootstrapping the first stage for each individual separately. We estimate o, (7) using the
estimator suggested by Nerlove (1971):

~92 m

62(7) = == 3 (ay(r) — (1), (23)
=1

where &j = % Z;”Zl &; and the «; are estimated by a preliminary least squares dummy variable
regression of §;;(7) on z;;.%

Compared to the optimal instrument approach, efficient GMM relies on weaker conditions,
and it is simpler to implement as it does not require a direct estimation of V(7). Instead, it
requires only the consistent estimation of the efficient weighting matrix, which is simpler to

estimate.

4.2 Hausman and Taylor Model

The Hausman-Taylor model allows to find instrumental variables from inside the model. It
is a middle ground between fixed effects and random effects. On the one hand, the random
effects estimator relies on the orthogonality between o;(7) and z;;. On the other hand, the

fixed effects estimator only identifies the effect of individual-level variables. To estimate the

28Using the first stage variance will not impose equality on the estimated densities of the errors fyj _X,8 (0) in
the second stage. Thus, observations will be weighted differently, depending on the first stage variance.
2The formula can be modified to accommodate unbalanced panels.
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effect of group-level variables, Hausman and Taylor (1981) assume that some elements of X; are
uncorrelated with «;(7). We consider model (1) but we partition X into four types of variables,
X = [X{; X{; X3; X3,], where the superscript x indicates that the variable is exogenous, and

the superscript n indicates that it might be endogenous. Thus,

E[X{j04(7)] =

0,
E[X5;05(1)] = 0

The assumptions imply that we can estimate §(7) using the instrument Z; = (ij,X{Lj,
X7, X5;). While X3 is potentially endogenous, the within variation is uncorrelated with a; (1)
as it varies only between j. Identification requires that there are at least as many instruments
as parameters to estimate. Hence, we need dim(xf;;) > dim(z3;). If the model is overidentified,
it is possible to implement efficient GMM, and if conditional moment restrictions are available,
optimal instruments can be used. Implementation of the optimal instrument is not straightfor-
ward as it requires the estimation of E[X;|Z;], usually estimated nonpametrically (see Newey,
1993). In this paper, we do not contribute in this direction. In the special case where there is
no X {Lj, so that all individual-level regressors are exogenous, the optimal instrument approach
can more easily be implemented as the first stage includes only exogenous variables.

4.3 Hausman Test

Consistency of the random effects estimator relies on stronger orthogonality conditions com-
pared to the fixed effects estimator. Under these stronger assumptions, both estimators are
consistent, but the fixed effects is inefficient. Hausman (1978) suggested a test for the null hy-
pothesis of random effects against the alternative of fixed effects. This subsection explains how
we can use the overidentification test presented in Section 3 as a quantile version of the Haus-
man test for our two-step estimator. Various generalizations of the Hausman test have been
suggested in the literature (see, e.g., Chamberlain, 1982; Mundlak, 1978; Wooldridge, 2019).
Arellano (1993) considers an heteroskedasticity and autocorrelation robust generalization based
on a Wald test. Ahn and Low (1996) propose a GMM test based on a 3SLS regression as an
equivalent method for the Hausman test. In Section 4, we suggest efficient GMM as a pos-
sibility to perform random effects estimation. The assumption of correct specification of the
first stage is maintained both under the null and the alternative hypotheses. Compared to the
fixed effects estimator, consistency of the random effects estimator additionally requires that
X is uncorrelated with a;(7) so that E[X{jocj (7)] =0 and E[X]/-Oéj(T)] = 0 are a valid moment
conditions. By contrast, the fixed effects rely only on the moment condition E[X];a;(7)] = 0.
Consequently, the overidentification test suggested in Section 3 can be used as a test of the
Hy : E[X{jogj(T)] = 0 and E[X'J’»aj (7)] = 0, which is a test of the random effects orthogonality
conditions. Compared to the traditional Hausman test, our test does not rely on the assumption

of conditional homoskedasticity of the errors and is robust to clustering.
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4.4 Simulations

This section presents simulation results for the different panel data estimators and the
Hausman-type test presented in the previous subsections. These simulations focus on the esti-
mation of 5(7), while the next section includes results for v(7). We consider the following data

generating process where all variables are scalars:
Yij = Br1ij + aj + (14 0.12145)vij. (24)

We let = 1 and v;; ~ N(0,1). The regressor is defined by z1;; = hj+0.5u;5, with u;; ~ N (0, 1)

and (Zﬁ) ~ N <(8> ! (i ?>> |

If X\ # 0, x1;; is correlated with a;. For the simulation of the panel data estimators, we let A = 0
so that all estimators are consistent. In contrast, in the Monte Carlo study of the Hausman
test, we set A = {0,0.1,0.2,0.3,0.4}. The true coefficient takes the values 3(7) = 8+ 0.1F~1(7)
where F' is the standard normal CDF. We consider the samples with n = {10,25,200} and
m = {25,200} and focus on the set of quantiles 7 = {0.1,0.5,0.9}. All simulation results are
based on 10,000 replications. Table 1 shows the bias and the standard deviations, and Table 2
shows the coverage probability of the confidence intervals. Simulation results of the rejection
probabilities of the Hausman test are in Table 3.

As shown in Table 1, the estimators perform well also when both m and n are small. The
RE-GMM (random effects implemented by GMM) estimator performs similarly to the RE-OI
(random effects implemented with optimal instruments) estimator and, in some cases, even
better. As expected, asymptotically, the RE-GMM, the RE-OI, and the fixed effects (FE)
estimators become indistinguishable as n increases. Whereas with small n, there is an apparent
gain in using a random effects estimator. From the standard deviations, it is possible to see the
different rates of convergence of the estimators. The precision of the fixed effects and random
effects estimators increases in similar magnitude when m or n increases. In contrast, the standard
deviation of the pooled and between (BE) estimator decreases only when m increases. The
pooled and the between estimators have the smallest bias but, in most cases, also the largest
variance.

The coverage probabilities of the 95% confidence intervals are in Table 2. The confidence
intervals of the pooled and the fixed effects estimator perform well in all sample sizes considered.
On the other hand, the confidence bands of the random effects estimators slightly undercover
the true parameter mostly when n is small. In larger samples, all the coverage probabilities are
close to the theoretical level.

Table 3 shows the rejection probabilities of the overidentification test for different values of
A. When X\ = 0, the Hj is satisfied, so we should reject the null at a rate close to 5%. If X # 0,

X is correlated with a;; some moment conditions used by the RE-GMM estimator are not valid.
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Quantile Pooled BE FE RE GMM
(m, n) = (25, 10)
0.1 0.009 0.002 0.037 0.044 0.014
(0.193)  (0.235) (0.261) (0.177) (0.178)
0.5 0.000 0.000 -0.001 0.000 0.000
(0.182) (0.224) (0.172) (0.168) (0.143)
0.9 -0.010 -0.003 -0.039 -0.045 -0.015
(0.195)  (0.235) (0.259) (0.181) (0.180)
(m, n) = (200, 10)
0.1 0.011 0.005 0.040 0.046 0.019
(0.068) (0.080) (0.092) (0.067) (0.061)
0.5 0.001 0.001 0.001 0.001 0.001
(0.063)  (0.076) (0.059) (0.063) (0.047)
0.9 -0.010  -0.003  -0.040  -0.045 -0.018
(0.067) (0.080) (0.091) (0.068) (0.060)
(m, n) = (25, 25)
0.1 0.003 0.000 0.015 0.016 0.008
(0.175)  (0.222) (0.141) (0.120) (0.124)
0.5 -0.003 -0.004 0.000 -0.002 -0.002
(0.171)  (0.218) (0.102) (0.106)  (0.099)
0.9 -0.009 -0.007 -0.017 -0.018 -0.013
(0.177)  (0.223) (0.138) (0.120) (0.124)
(m, n) = (200, 25)
0.1 0.006 0.004 0.015 0.017 0.011
(0.061)  (0.075) (0.049) (0.042)  (0.041)
0.5 0.000 0.000 0.000 0.000 0.000
(0.059) (0.073) (0.036) (0.036) (0.032)
0.9 -0.006 -0.004  -0.015 -0.017  -0.012
(0.061)  (0.075) (0.049) (0.042) (0.041)
(m, n) = (25, 200)
0.1 0.001 0.002 0.002 0.002 0.002
(0.163)  (0.211) (0.049) (0.047)  (0.056)
0.5 0.001 0.001 0.000 0.000 0.001
(0.163)  (0.210) (0.035) (0.035) (0.045)
0.9 0.000 0.001 -0.002 -0.002 -0.002
(0.163) (0.211) (0.049) (0.046) (0.056)
(m, n) = (200, 200)
0.1 0.000 0.000 0.002 0.002 0.002
(0.058)  (0.073) (0.017) (0.016) (0.017)
0.5 0.000 0.000 0.000 0.000 0.000
(0.058) (0.072) (0.013) (0.012) (0.012)
0.9 -0.001 -0.001 -0.002 -0.002 -0.002
(0.058) (0.073) (0.017) (0.017) (0.017)
Note:

The table reports bias and standard deviation (in paren-
theses) of the simulations for 3(7) from 10,000 Monte Carlo
Simulations.

Table 1: Bias and Standard Deviation of 3(r)
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Quantile Pooled BE FE RE GMM

(m, n) = (25, 10)

0.1 0.948 0.922 0946 0914 0.918

0.5 0.946 0.920 0.948 0914 0.919

0.9 0.950 0.924 0950 0912 0.916
(m, n) = (200, 10)

0.1 0.942 0.941 0927 0.874 0.933

0.5 0.947 0.943 0952 0.943 0.948

0.9 0.946 0.942 0932 0.877 0.935
(m, n) = (25, 25)

0.1 0.949 0.921 0949 0.933 0.923

0.5 0.946 0.918 0.948 0.931 0.923

0.9 0.946 0.917 0951 0.931 0.921
(m, n) = (200, 25)

0.1 0.947 0.945 0942 0.928 0.940

0.5 0.950 0.945 0.954 0.948 0.948

0.9 0.948 0.946 0.938 0.927 0.938
(m, n) = (25, 200)

0.1 0.950 0.923 0.950 0.947 0.920

0.5 0.949 0.926 0952 0.948 0.916

0.9 0.947 0.925 0.950 0.948 0.918
(m, n) = (200, 200)

0.1 0.948 0.943 0947 0.950 0.946

0.5 0.947 0.943 0951 0.950 0.950

0.9 0.948 0.944 0949 0.949 0.945

Note:

Results based on 10,000 Monte Carlo simulations.
The table reports the coverage probabilities of the
confidence intervals of (7).

Table 2: Properties of the 95% Confidence Invervals
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A

Quantile 0.0 0.1 0.2 0.3 0.4

(m, n) = (25, 10)

0.1 0.052 0.058 0.077 0.118 0.181

0.5 0.057 0.073 0.117 0.195 0.306

0.9 0.050 0.067 0.095 0.147 0.224
(m, n) = (200, 10)

0.1 0.062 0.085 0.276 0.578 0.844

0.5 0.050 0.177 0.533 0.872 0.987

0.9 0.058 0.193 0.483 0.782 0.949
(m, n) = (25, 25)

0.1 0.060 0.075 0.121 0.209 0.342

0.5 0.064 0.087 0.152 0.269 0.430

0.9 0.0569 0.081 0.140 0.231 0.363
(m, n) = (200, 25)

0.1 0.0561 0.167 0.555 0.898 0.994

0.5 0.061 0.232 0.691 0.963 0.999

0.9 0.049 0.231 0.646 0.938 0.997
(m, n) = (25, 200)

0.1 0.086 0.119 0.212 0.366 0.567

0.5 0.101 0.138 0.248 0.417 0.615

0.9 0.085 0.118 0.218 0.374 0.570
(m, n) = (200, 200)

0.1 0.0564 0.262 0.773 0.986 1.000

0.5 0.065 0.276 0.792 0.989 1.000

0.9 0.053 0.273 0.787 0.987 1.000

Note:

The table reports rejection probabilities of the
Hausman test. The results are based on 10,000
Monte Carlo simulations. The first column, shows
the empirical size, while the other columns show
the power of the test.

In this case, higher rejection probabilities suggest a more powerful test. The first column shows
that the empirical sizes of the test are close to the theoretical levels in most sample sizes. The
power of the test is higher in large samples and increases the larger the correlation between
Z1; and the unobserved heterogeneity a;. An increase in m substantially improves the power
of the test, while a larger number of time periods n improves the results to a lesser extent. In
general, the test performs better both in terms of size and power when m is large, which is most
often the case in empirical applications. Although as n increases the random effects estimator
converges to the fixed effects estimator, and the random effects estimator of 8 will be consistent

even if A # 0, the size and power of the test do not deteriorate. This result is consistent with

the findings in Ahn and Moon (2014).
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Figure 1: First Stage Regressions

The figure illustrates the venerability of the intercept to extrapolation and misspecification. Both panels show
generated data for one group and a first-stage fit. Panel (a) uses the same DGP as in the simulation of CLP. The
solid line shows the regression line estimated by median regression, and the dashed red line is the true regression
line. Panel (b) uses a different DGP where y = 15 — 0.5z — 0.22% + u, where u ~ N(0,1),z ~ N(3,1). The solid
line is estimated by least squares regression without the quadratic term (misspecified). The dashed red line is the
true regression line.

5 Grouped (IV) Quantile Regression Model

In this section, we discuss the group (IV) quantile regression model and compare our esti-

mator with the estimator suggested by Chetverikov et al. (2016).

5.1 Chetverikov et al. (2016)

Chetverikov et al. (2016) (CLP) suggest an estimator for the group (IV) quantile regression
model. They consider two variations of the model. The first one is identical to model (1). The

second model assumes that

Q(T, yijl1ij, w2, v;) =Bo,4(7T) 4 x7;;85(7) (25)
Bo,i(T) =x3;7(T) + a(T,v)). (26)

Compared to model (1), the coefficient on xy;; is allowed to vary over j, and the between
variation in xp; might be endogenous. They suggest a two-step estimator. The first stage
consists of regressing y;; on x1;; and a constant using quantile regression separately for each
group j and quantile 7. In the second stage, they regress the intercept from the first stage on
xo;. Their estimator focuses on estimating y(7) and does not directly estimate §(7).

The main difference between the two estimators is that CLP use the estimated intercept of the
first stage (i.e., fitted values evaluated at x1;; = 0) as a dependent variable in the second stage.

Thus, the CLP estimator is consistent for the quantile treatment effect at z1;; = 0. We discuss
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this parameter in more detail below. A linear reparametrization of the individual-level variable
changes the intercept so that the CLP estimator is not invariant to linear transformations of the
individual-level covariates.

Further, the CLP estimator might have lower precision than the MD estimator. (i) It only
includes the individual level covariates x1;; in the first stage. Thus, it does not exploit (poten-
tially exogenous) variation in the individual-level covariates between groups. (ii) It does not
impose equality of the 5;(7) in the first stage. Additionally, the estimator might extrapolate the
intercept in the first stage, making it more vulnerable to misspecification and estimation error
in finite samples.

Figure 1 illustrates these issues. The figure shows two groups from two different samples.
Each Panel shows an estimated first-stage regression line (solid blue line) and the true regression
line (dashed red line). Both panels show that if the support of the covariates does not cover zero
in all groups, the intercept is extrapolated. As shown in Panel (a), a small estimation error in
the slope parameter can lead to large estimation errors in the intercept. Further, the value of the
(true) intercept and its estimation error change with the reparametrization of the individual-level
covariates so that reparametrization leads to different results. If the first stage slopes are allowed
to change over groups, reparametrization of the covariates changes the estimand. By imposing
equality of the slopes across groups, our estimator becomes invariant to reparametrizations of
the covariates. Similarly, when z1; contains discrete variables, if some groups do not contain
any observations in the base category or if some variables exhibit variation only within some
group, the interpretation of the intercept changes over groups. Panel (b) shows how model
misspecification in the first stage can lead to a large estimation error with the CLP estimator.
The model is misspecified, as it fits a linear regression model instead of a quadratic one. The
consequences of misspecification are substantially larger outside the support of the covariates,
e.g., at x1;; = 0. In comparison, the misspecification error in the fitted values is negligible.

Now we consider both estimators in the context of models (1) and model (25)-(26). If model
(1) is correct, our estimator will, in general, outperform the CLP estimator for the reasons listed
above. Further, imposing equality also makes the estimator invariant to reparametrizations of
the individual-level variables. For this model, the CLP estimator is consistent for the treatment
effect at x1;; = 0, which equals the quantile treatment effects. We obtain a more precise
estimator by estimating all the parameters simultaneously and imposing all the assumptions.
On the other hand, if the model (25)-(26) is correct, we should not exploit the between-variation
in the individual-level variables and use the demeaned individual-level regressors as instruments.
If the slopes are systematically correlated with the treatment variable, the treatment effect is
heterogeneous, and CLP estimates the quantile treatment effects at x1;; = 0, which may not
be particularly interesting. In such a case, one could parametrize the treatment effect on the
random slope and estimate the effect on the intercept and the effect on the slope separately. In

a second step, combining both estimates gives, for instance, an average (in x1;;) QTE. Using
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our approach, we estimate the best linear approximation of the treatment effect, and we can
also allow for heterogeneous effects by including interaction terms between z1;; and ;.

We want to show that asymptotically our estimator has lower variance than the CLP es-
timator uniformly over different values of Var(z;o;(7)).*° From section 3 we know that the
variance comprises two terms, one that accounts for first-stage error and the other accounts for
the second-stage noise. The sum of these two terms determines the asymptotic behavior of the
estimator. Thus, to show that our MD estimator is more precise, it suffices to show that both
components of the variance are smaller. If Var(Z;o;(7)) = 0, there is no second stage noise, both
estimators converge at the y/mn rate, and only the variance coming from the first stage matters.
On the other hand, if Var(z;a;(7)) > e > 0, both estimators converge at the /m rate, and the
variance coming from the first stage does not enter the first-order asymptotic distribution. Thus,
in the latter case, we will consider the estimators as if we knew the true first stage.

In the following, we assume that the more widely used model (1) is correct and focus on
a case with exogenous regressors. We consider our MD estimator implemented using optimal
instruments, as this estimator simultaneously minimizes both components of the variance. To
apply optimal instruments, we need to impose the stronger assumption that E[o;(7)|X;] = 0.
Below, we provide some results without this assumption.

First, we consider the variance arising from the first stage, which shows up in the first-order
asymptotic distribution of o1 (7). To study this part of the variance, we can assume, without
loss of generality, that gSZQL (6,7) = 0. The optimal instrument is Zr = < X jVj(T)X']/.>+ X, which
yields an estimator that is algebraically identical to the efficient minimum distance estimator
(see Proposition 6). Remark 6 provides the minimum distance representation of our estimator.

The CLP estimator can also be written as a minimum distance estimator that minimizes
1 o=/ N 1 .
— > (Bi() = Bpo(n) (By(r) = Byo(n)). (27)
j=1

where

~ Ty 0
(K1+1)X<ng1‘m+K2> a ( O] l;' ®IK1) 7
and [; is a m-dimensional vector of zeros with a 1 in the j position. The restriction matrix Rj
is different from the restriction matrix of our estimator, as it does not impose equality of the
first stage coefficients implied by the model. Further, CLP use an identity weighting matrix so
that their estimator is inefficient relative to an efficient MD estimator with restriction matrix
Rj. Since our estimator imposes the additional (correct) restriction, our efficient MD estimator
has a smaller variance than any alternative (efficient) MD estimator with restriction matrix Rj,
including the CLP estimator. In the special case of quantile independence, the weighting matrix

of the efficient MD estimator reduces to Wj =X ]’f(j, which corresponds to using OLS in the

30The asymptotic results in Chetverikov et al. (2016) implicitly assume that Var(Z;a; (7)) > € > 0 so that their
estimator converges at the y/m rate.
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second stage. In this case, our estimator with a least squares second stage is efficient and will
have a lower variance than the CLP estimator.

Next, we focus on the component of the variance coming from the second-stage error. For this
term, we can assume that we know the true first stage. We start by noting that we numerically
obtain the CLP estimator by regressing the first stage fitted values on x9;, 1;; - d1, ..., Z1; - dm
with instruments xo;, #1;5-d1, . .., 1;;-d;n Where d; is a group indicator. In the special case where
we know the true first stage, we can recover the CLP point estimates if we regress the fitted values
on x1;; and xo; with instruments @1;; and x2;; without the interactions. From this representation,
it is clear that the CLP estimator only exploits the within variation of x1;;. Differently, our
estimator uses the entire variation of x1;; efficiently. If we know the true first stage, the optimal
instrument implied by the conditional moment restriction is Z7 = E|a; (7)%X;]71 X, which
implies that our second stage is a GLS regression which is efficient.

One backdrop of this analysis is that it relies on the stronger conditional moment restric-
tion E[a;(7)|X;] = 0. Nonetheless, we can show that regardless the value of Var(Zja;(7)),
we can implement an estimator that is more precise than the CLP estimator. More pre-
cisely, if Var(Zja;(7)) = 0 for all j, the efficient minimum distance is optimal. Differently,
if Var(Zjo(7)) > € > 0 using an efficient GMM estimator with instruments &1;;, Z1;, x2; yields
more precise point estimates as it exploits all moment conditions efficiently. This GMM esti-
mator exploits the between variation of z1;; by including Z;; in the instrument set. By adding
an instrument, asymptotically, our estimator will have a weakly lower variance (see Proposition
4.51 in White, 2001).

5.2 Simulations

This subsection presents Monte Carlo simulations comparing the MD and CLP estima-
tors. The simulations are based on the same data generating process and sample sizes as in
Chetverikov et al. (2016). That is, (m,n) = {(25,25), (200, 25), (25, 200), (200, 200)}. For both
estimator we use a OLS (or 2SLS) second stage. The generated data include one individual-
level regressor, one group-level regressor, and one instrument. Heterogeneity is introduced via
a rank variable u;;. Since the effect of the individual-level covariates is constant across groups,
B (1) = (Bjo(7), Bi (1)) = (Bjo(r), B()"), where B; () is the constant of the first stage. The

data is generated as follows:

Yij = Bo(wij) + x4 (wij) + x25v(uij) + o (i), (28)
Zj = X2j =+ nj + vj, (29)

s
o (uig) = wigny — =%, (30)

where 21,5, £2; and v; are distributed exp(0.25- N[0, 1]) and 7; as well as the rank variable u;; are

U|0,1] distributed. The data generating process implies that E[a(u;j)|22;] = Elugn; — 5 |ve;] =
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E[%} — %|wa;] = 0. At quantiles 7 € (0,1), the true parameters v(7) and 3(7) equal /7 and,
ai(7) = 5. Consequently, y(ui;) = B(ui;) = \/uij and Bo(ui;) = u%

The simulations consider three cases. In the first one (baseline), a;(7) = 0 for all j and all

Baseline Exogenous Endogenous

Quantile MD CLP Rel. MSE MD CLP Rel. MSE MD CLP Rel. MSE

(m, n) = (25, 25)

0.1 0.022 -0.011 0.051 0.022 -0.010 0.052 0.049 0.001 0.404
(0.192)  (0.858) (0.195)  (0.860) (3.218)  (5.062)
0.5 -0.010 -0.001 0.061 -0.011 0.000 0.088 -0.017 0.039 0.318
(0.166)  (0.673) (0.204)  (0.691) (3.098)  (5.491)
0.9 -0.019 -0.003 0.049 -0.020 -0.004 0.216 -0.052 -0.011 0.409
(0.094)  (0.435) (0.227)  (0.490) (3.239)  (5.065)
(m, n) = (200, 25)
0.1 0.024 0.003 0.060 0.024 0.004 0.063 0.023 0.006 0.057
(0.066)  (0.284) (0.067)  (0.285) (0.106)  (0.456)
0.5 -0.006 -0.001 0.059 -0.006 0.000 0.086 -0.009 -0.003 0.071
(0.056)  (0.232) (0.069)  (0.238) (0.097)  (0.366)
0.9 -0.017 -0.004 0.060 -0.017 -0.003 0.223 -0.022 -0.009 0.142
(0.031)  (0.145) (0.075)  (0.164) (0.086)  (0.234)
(m, n) = (25, 200)
0.1 0.003 -0.002 0.059 0.003 -0.001 0.066 -0.027 -0.076 0.130
(0.070)  (0.289) (0.074)  (0.291) (2.025)  (5.618)
0.5 -0.001 -0.002 0.060 -0.001 -0.001 0.233 -0.082 -0.094 0.580
(0.060)  (0.247) (0.134)  (0.278) (3.485)  (4.575)
0.9 -0.002 0.000 0.061 -0.001 0.001 0.769 -0.118 -0.114 1.126
(0.030)  (0.121) (0.217)  (0.247) (3.780)  (3.561)
(m, n) = (200, 200)
0.1 0.003 -0.003 0.057 0.003 -0.003 0.062 0.002 -0.004 0.058
(0.024)  (0.100) (0.025)  (0.101) (0.039)  (0.162)
0.5 -0.001 0.000 0.059 -0.001 -0.001 0.222 -0.004 -0.004 0.141
(0.020)  (0.084) (0.044)  (0.093) (0.051)  (0.136)
0.9 -0.002 0.000 0.067 -0.003 -0.001 0.762 -0.009 -0.007 0.617
(0.010)  (0.040) (0.071)  (0.082) (0.074)  (0.095)
Note:

The table reports mean bias, standard deviation and relative MSE from the simulations for «(7) from 10000
Monte Carlo simulations using the MD estimator and the CLP estimator. The relative MSE gives the MSE
of the MD estimator relative to that of the CLP estimator.

Table 4: Bias, Standard Deviation and MSE of 4(7)

7. In this case, conditioning on the individual does not affect the quantile function and quantile
regression is consistent for the same parameter. Further, as a;(7) = 0, the estimators with
a least square second stage are y/mn-consistent. In the second case, there are group-specific
effects (a;(7) # 0), which are uncorrelated with the regressors. The individual heterogeneity is
multiplied with the rank variable w;;. Thus, in the lower tail of the distribution, we see a faster
convergence rate. In the third case, o(7) is correlated with the regressor of interest, such that
xo; is endogenous. In this case, we use 25LS in the second stage. Since the data generating

process of Chetverikov et al. (2016) has a weak instrument when m is small, one should pay
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Baseline Exogenous Endogenous

Rel. length  Coverage Rate Rel. length Coverage Rate Rel. length Coverage Rate
Quantile MD/CLP MD CLP MD/CLP MD CLP MD/CLP MD CLP

(m, n) = (25, 25)

0.1 0.232 0.941 0.938 0.235 0.939 0.938 0.227 0.966 0.972
0.5 0.244 0.940 0.942 0.301 0.942 0.945 0.262 0.964 0.972
0.9 0.223 0.942 0.949 0.501 0.940 0.946 0.373 0.957 0.972
(m, n) = (200, 25)
0.1 0.230 0.932 0.947 0.233 0.932 0.948 0.230 0.942 0.953
0.5 0.245 0.947 0.944 0.296 0.945 0.946 0.267 0.952 0.949
0.9 0.220 0.925 0.947 0.475 0.941 0.945 0.368 0.953 0.952
(m, n) = (25, 200)
0.1 0.241 0.943 0.940 0.256 0.943 0.943 0.240 0.968 0974
0.5 0.242 0.937 0.944 0.496 0.938 0.944 0.370 0.949 0971
0.9 0.248 0.948 0.941 0.884 0.934 0.945 0.771 0.939 0.955
(m, n) = (200, 200)
0.1 0.241 0.944 0.944 0.254 0.947 0.945 0.246 0.951 0.950
0.5 0.244 0.946 0.945 0.483 0.952 0.948 0.377 0.957 0.951
0.9 0.246 0.942  0.953 0.872 0.950 0.950 0.772 0.954 0.955
Note:

Results based on 10000 Monte Carlo simulations. The table provides the coverage rate and median
length of the confidence intervals of (7). The relative length provides the length of the confidence
interval of the MD estimator relative to that of the CLP estimator. Robust standard errors are used for
the CLP estimator, and clustered standard errors at the group level are used for the MD estimator.

Table 5: Properties of the 95% Confidence Intervals

attention when looking at the simulation results for the endogenous case.?! In empirical research,
it is straightforward to construct confidence intervals that remain valid even if identification is
weak. We perform 10,000 Monte Carlo replications for the set of quantiles 7 € {0.1,0.5,0.9}.
Since the CLP estimator does not directly provide an estimate for 5(7), we present only results
for v(7).

Table 4 reports the bias, standard deviation and relative MSE of the estimators. The relative
MSE reports the MSE of the MD estimator relative to that of the CLP estimator. Thus, a
number smaller than 1 indicates that the MD estimator has a lower MSE. The CLP estimator
seems to have a smaller bias than the MD estimator when n = 25. When n increases to
200, the difference disappears. There are more remarkable differences in the variance of the
estimators. The standard deviation of the MD estimator is four times smaller compared to that
of the CLP estimator in the baseline case. The difference is somewhat smaller in the exogenous
and endogenous cases but remains substantial.*> This difference in precision explains the large
discrepancies in MSE. The MSE of the CLP estimator is over 10 times larger than that of the

MD estimator when o;(7) = 0 and remains substantially larger in all scenarios considered. If

31With m = 25 in over 40% of the draws, the F-statistics of the first stage of the 2SLS estimations is below 10.
The issue disappears when m = 200.

32The standard deviations in the endogenous case with m = 25 should be interpreted with caution due to the
weak instrument.
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a;(7) = 0, quantile regression is a consistent estimator for (7). Although not shown here,
simulation results comparing our estimator with traditional quantile regression show that the
two estimators are indistinguishable in terms of bias and variance in large samples.

Table 5 show the performance of the 95% confidence intervals suggested with our inference
procedure. The table reports the coverage rate of the confidence intervals and the median length
of the confidence interval of our estimator relative to that of the CLP estimator. Our suggested
inference procedure has coverage close to 95% in all cases. Compared to the CLP estimator,
our confidence bands are substantially shorter. In most cases, our estimator yields confidence

bands less than half the length of those for the CLP estimator.

6 Empirical Application: The Effect of the Food Stamps Pro-
gram on Birth Weight

In this section, we apply our minimum distance approach to estimate the impact of the
food stamp program on the birth weight distribution using grouped data. We complement the
analysis of Almond et al. (2011) by providing distributional effects. Food stamps constitute
an important means-tested program that gives entitled households coupons they can redeem at
approved retail food stores. The Food Stamp Act (FSA) was introduced in 1964 and enabled
counties to start their own federally funded food stamp program (FSP). In the subsequent
years, counties increasingly adopted such programs, and in 1973, an amendment to the FSA
required all counties to establish a FSP by 1975. Thus, the share of counties with an FSP
increased steadily from 1964 to 1974, and identification exploits the variation in the timing of
the adoption across counties. Almond et al. (2011) use data from 1968 (when about 40% of
the counties had introduced the program) to 1977 (two years after the FSP was implemented
everywhere) to analyze the effect of the program.

Given the negative consequences of low birth weight, besides estimating the effect of the
policy on average weight, Almond et al. (2011) estimate the effect on the probability that
birth weight falls below a certain threshold. As discussed in Melly and Santangelo (2015) this
procedure leads to biased results unless there is no time effect or group effect, or the outcome is
uniformly distributed.

In this section, we use the subscripts ¢, ¢, and t to denote the birth, the county, and the
trimester of birth, respectively.?® The variable of interest is a binary variable that is coded 1 if
there was a food stamp program in place three months before birth. The treatment is assigned
to county-month cells, and in around 1% of cases, it also varies within groups.

We consider the following model separately for blacks and whites:

Q(T, bwict’fspch Llicty L2ct 'Uct) = fspcthl (T) + xlictﬁ(T) + X2ctY2 (T) + a(Ta Uct)a (31)

33Using the same notation as in the paper, the j units are county-trimester combinations, and the ¢ units index
individual births within a county in a given trimester. In this section, we use three subscripts for clarity.
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where Q (7, bwict| fSDet, T1ict, T2ct, Vet ) is the conditional quantile function of the outcome given
all the variables. fspq is a variable indicating whether there is a food stamp program in
place, x1,, are variables related to the individual births, such as gender, mother age, and its
square as well as the legitimacy status of the birth. Group level control variables xos include
annual county-level controls (real per capita income, government transfers to individuals, medical
spending, and retirement and disability payments) and 1960 county-level characteristics (county
population and the shares of urban population, black population, and of farmland) interacted
with a linear time trend. Further, x9; also includes county, state-year fixed effects, and time
fixed effects.

Figure 2 illustrates the results. For the estimation, we drop groups that have less than 20
34

degrees of freedom.°* The estimations are performed using a sample of 2,822,091 individual

observations divided into 19,482 groups for blacks and 16,038,235 individual births divided into
80,289 groups in the sample of whites.?> The results for black are in the left panel, while the
results for whites are in the right panel. As shown, the effect is substantially larger among
blacks. The results suggest a positive effect of the food stamp program on the lower tail of the
conditional distribution. The estimates suggest that the food stamp program is associated with
an increase in birth weight by almost 30 grams for blacks at the 5th percentile of the conditional
distribution. For whites, there seems to be an effect only at the left tail of the distribution, and
the effects are small. For blacks, the coefficients are large in the left tail and remain positive,
albeit of small magnitude, until the 75% percentile. However, for higher quantiles, the effects

are not statistically different from zero.

7 Conclusion

This paper suggests a MD estimator for quantile panel data models. The estimator is of
practical relevance with classical panel data settings where the units are observed over time
and with grouped data, where individuals are divided into groups, and the treatment varies
at the group level. The coefficient on the individual-level and group-level variables can be
estimated. The estimator is computationally fast and straightforward to compute and consists
of a first stage individual level quantile regressions, followed by a GMM regression with the
fitted values as the dependent variable. We show that our two-step procedure applied to linear
estimators is algebraically identical to traditional one-step estimators. We suggest a quantile
counterpart to traditional panel data estimators, including the pooled, the fixed effects, and the

random effects estimators. In the second stage, both internal and external instruments can be

34Essentially, if there are K individual level variables we drop all groups with less than K; 4+ 1+ 20 observations.
Since some variables might vary at the individual level in some groups only, this threshold is group specific.

35We have a different number of groups compared to Almond et al. (2011) due to multiple reasons. First, they
give higher weights to births in groups where only 50% of the births are included in the natality data; thus, when
they drop groups with less than 25 births, the number of births in these groups is inflated. Second, since they
take the group average, they keep births with missing values for birth weight. We drop those births as we work
with individual-level data.
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Figure 2: Impact of Food Stamp Introduction on the Distribution of Birth Weight

The figure shows the impact of the food stamp introduction on the conditional distribution of birth weight. The
panels show point estimates and 95% confidence bands (shaded area) computed using standard errors clustered
at the county level. The panel on the left (right) shows the effects for blacks (whites). The regressions include
county, time, and state-year fixed effects.

used in a Hausman and Taylor or traditional instrumental variables framework. Further, an
overidentification test can be implemented if the model is overidentified.

The asymptotic distribution of the estimator is non-standard because the speed of conver-
gence is not the same for all coefficients. The speed of convergence depends on the moment
conditions that are used to identify a parameter. For the coefficient converging at the faster
(v/mn) rate, only the variance coming from the first stage enters the first-order asymptotic dis-
tribution. On the other hand, since n diverges to infinity, the first stage variance does not appear
in the first-order asymptotic variance of the coefficients converging at the slower (y/m) rate. In
other words, the first-order asymptotic distribution is the same as if we knew the true first stage.
We suggest an inference procedure that is uniformly valid regardless of the convergence rate of
the estimator and, importantly, takes the first stage variance into account, thus providing better
inference. Monte Carlo simulations show that our estimator and the suggested standard errors
perform well in finite samples. Compared to the grouped estimator of Chetverikov et al. (2016),
the MD estimator has a much smaller MSE. Finally, in an empirical application, we study the
effect of the food stamp program on birth weight, and we find positive effects for blacks in the

lower tail of the conditional distribution.
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A Least Squares Panel Data Models
A.1 Formal results

This section complements subsection 2.3 by discussing more in detail the relationship between
least squares estimator and the minimum distance approach. Throughout the section, we define
the n x (K7 +1) matrix of first-stage regressors le = (%, Zi2, - .., Tij)', and the mn x K| matrix
of individual-level regressors X1 = (Xj;,..., X{y)". Further, we use the matrices P; = wn=-tr
and Q; = I; — Pj, where [ is a n x 1 vector of ones. Thus, P;X; = X; and Q;X1; = X;. We
consider a linear version of our estimator, where OLS instead of quantile regression is used in the
first stage. We consider model (9). In this section, we show that mean models can be estimated
using a two-step procedure. Notation is the same as in the paper, except that the fitted values

are computed using an OLS regression. More precisely, the vector of fitted values of group j is

. - [N
V= X,8 =%, (X%) X
The following Proposition states the equivalence of the two-step procedure using the fitted

values and the conventional one-step estimator in mean models.

Proposition 3. Denote ng\?M the coefficient vector of a linear GMM regression off/ on X
with instrument Z. Let S be the coefficient vector of the same GMM regression but with

regressand Y. If Xj lies in the column space of Zj, S%?M = b -

The proof of this Proposition and all subsequent proofs are in Appendix A.2. Proposition 3
implies that any linear model can be computed by a two-step estimator as long as the matrix
of instruments of group j, Z; lies in the column space of the matrix of first-stage regressors of
group j, Xj.% This result applies to a wide range of estimators. Since OLS is a special case
of GMM, the result for pooled OLS follows directly, while the result for the within estimator is

summarized in the following Corollary.

Corollary 1. Denote 5%ED the coefficient vector of a 2SLS regression of Y on X with instru-
ments X1. Let dpp be the coefficient vector of the within estimator, that is, of a regression of Y

on Xl. Then S%EP = SFE

The between estimator is usually computed by regressing Y on X. Alternatively, it can be
estimated by an IV regression of Y (or 57) on X using X as an instrument, where it exploits

only the variation between individuals.

Corollary 2. Denote 5%5 the coefficient vector of a 2SLS regression of Y on X with instru-
ments X. Let dgp be the coefficient vector of the between estimator, that is, of a regression of

Y on X. Then 5%&3 = 5BE.

36Since X ; includes a constant, the presence of group-level variables in Z; will not affect its column space.
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It is worth noting that the IV approach to these panel data estimators also works in one
stage with Y as the dependent variable. Further, it is possible to estimate between (within)
models using average (demeaned) fitted values and regressors.

The pooled OLS and the between estimators can estimate both § and « but are not efficient. The
random effects estimator optimally combines between and the within variation to find a more
efficient estimator. While FGLS is the most common estimator for the random effects model,
Im et al. (1999) show that the overidentified 3SLS estimator, with instruments Z; = (le, X;),
is identical to the random effects estimator. The 3SLS estimator is a special case of GMM with
weighting matrix W = IE[ZJ’-QZ]-] where Q follows the usual random effects covariance structure.
Thus, by Proposition 3, the random effects estimator can also be computed in two steps using

the fitted values in the second stage.

Corollary 3. Denote S%ED the coefficient vector of a 8SLS regression of Y on X with instru-
ments (le,Xj). Let dpp be the coefficient vector of a random effects regression of Y on X.

Then 5%39 = 5RE-

Alternatively, the random effects estimator can be implemented using the theory of opti-
mal instruments and a just identified 2SLS regression. Starting from a conditional moment
restriction, the idea of optimal instruments is to select an instrument and weights that minimize
the asymptotic variance (see, e.g. Newey, 1993). Relevant to our two-step procedure, under ho-
moskedasticity of the errors, the conditional moments E[Y; — X;6|X;] = 0 and E[Y; — X;6|X,] = 0

imply the same optimal instrument:

Proposition 4. Assume E[€§j|Xj] =02 and E[ajz\Xj] = 2. The conditional moments E[Y; —

X;6|X,] =0 and E[Y; — X;0|X,] = 0 imply the same optimal instrument.

The Hausman-Taylor model (Hausman and Taylor, 1981) is a middle ground between the
fixed effects and the random effects models where some regressors are assumed to be uncorrelated
with a;. In contrast, no restriction is placed on the relationship between the other regressors and
the unobserved heterogeneity. The matrix of regressors X is partitioned as X = [X{ X{* XJ X7]
where X{ and XJ are orthogonal to a;;. No assumption is placed on the relationship between «;
and X7 and XJ. The model can be estimated by IV using instruments Z = (X7, X}, X¥, X¥)
(see, e.g., Hansen, 2022). Thus, it follows by Proposition 3 that the Hausman-Taylor model can

be estimated in two stages.

Corollary 4. Denote 5%79 the coefficient vector of a 25LS regression of Y on X with instru-
ments ( 'f, 'f‘, X¥ X2). Let Sur be the coefficient vector of the Hausman Taylor Estimator

based on a regression Y on X. Then 5%{? =0HT.

Finally, we show that not only the point estimates but also the standard errors can be
obtained using the two-stage minimum distance approach. This requires clustering the standard

errors in the second stage at a level weakly higher than the individual i. Let g =1,...,G index
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the clusters and assume that each of the clusters has N, observations. This nests the case where
one wishes to cluster at the individual level or at a higher level. For example, if ¢ are county-year
combinations, one might cluster at the county level. For an estimator § the clustered covariance

matrix is estimated by

. 1< 18 1< (1 E
Vs = EZX;ZQWEZZ;XQ EZX;JZ!JW EZZQ&Q%ZQ
g=1 g=1 g=1 g=1
1< 1 & 1 g -
L= Z; ZeXo | 5 z; XgZgW Z; Zi Xy |
9= 9= 9=

where 14 is a Ng-dimensional vector of estimated errors for the observations in cluster g.
Proposition 5. Denote Vs the clustered covariance matriz ofS estimated by a GMM regression
SMD

of Y on X with instrument Z. Let ‘A/(g]vID be the clustered covariance matriz of estimated by

GMM regression on on X with instrument Z, where Y are estimated by an OLS first-stage.
Let the clusters be at weakly higher level than i. Then, ‘75MD = V;.

A.2 Proofs of the least squares results

Proof of Proposition 3. Define the projection matrix P = XJ( ]’Xj)_ljfj’ Since Z; is in the
column space of X i
PZ; = Z, (32)
The MD estimator with a GMM second stage is:
MD o -1 ~ N
§MD  — (X’ZWZ’X) X' ZWZ'V .
For Sé/[]\f[)M to be equal to dgaras, it suffices that Z’'Y = Z'Y. Note that

m
N AVd
7'y =Y 7}y,
j=1

j=1
m ~
= Z(PZJ)/YE
j=1
m
= Ziv; =27V,
j=1

where the third line uses Y] = X]ﬁj, the fourth line uses the definition of the OLS estimator
in the first stage and the last line uses equation (32). Thus, it follows directly that SMD equals

OGMM- n
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Proof of Corollary 1. First, note that since Q;X1; = le’ le lies in the column space of Xj;.
Then, we apply Proposition 3 and since K = L, the 2SLS estimator reduces to the IV estimator.
It follows that a 2SLS (or IV) regression of Y on X; j with instrument Z; is algebraically identical

to a 2SLS regression with Y; as dependent variable. Then,
-1
m m
s - (2] Sz,
Jj=1 J=1

m -1 m
= X%y ) DXL
i=1 j=1

m _1 m
=)o x5Qxy | D X1,Q,Y;
p =1
—1
m . . m . . ~
= XLy | D XLY = e,
p =1

where the second line follows since Z; = X 1, the third and last line by Q;X1; = XU, Q;Y; = Yj

and since ; is idempotent. n

Proof of Corollary 2. First, note that since P]Xj = Xj, Xj lies in the column space of Xj.
Then, we apply Proposition 3 and since K = L, the 2SLS estimator reduces to an IV estimator.
It follows that a 2SLS regression of }A/] on X, with instrument Z; is algebraically identical to a

25LS regression with Y as dependent variable. Then,

-1
m m

o =D Z4X | D7,
i=1 i=1
—1
m m
- (L] Luy
i=1 j=1
-1
m m
= | L XBX | D XBY
7j=1 7j=1
—1
m m
SO ZAND LT AR
j=1 j=1

where the second line follows since Z; = X j» the third and last line by P;X; = X i, BiY; =

n

and, since P; is idempotent.

Proof of Proposition 4. The optimal instrument takes the form Z7 = E[g;(0)g;(8)|Z;] R; (5, 7),
where R;(6,7) = E[%gj (0,7)|Z;]. For both moment conditions, R;(4,7) is identical. Then for
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the first moment restriction, we have:

E[(Y; — X;0)(Y; — X;0)'|X;] = E[(X;(B; — B) + X; 8 — X;0)(X;(B; — B) + X; 8 — X;0)'| X]]
(33)

The matrix X ] X L +1,1 o2 is singular, so that we suggest using the Moore-Penrose inverse to
construct the optlmal instrument.

For the second moment restriction, we have:

E[(Y; — X;0)(Y; — X;0)|X;] = El(a; + i) (e + &55)'| X5
= (Ino’g + lnlilai) .

Then note that (I,02 + 1,1, 2) = ( )~( o2+ 11,02)" = ()N(j(f(]’-f(j)_l)zj’-ag + 1 1,02)t =
(X; VJX’ +1,1,02)" X;, where V; = (% X ) "'o? and since for a full column rank matrix X,

X;X =1, and X} = (X) X)L X/ n
Proof of Proposition 5. Define Zy = (219, ..., 2n,g)"s Xg = (Z1g,-- -, Tngg)’s Yg = (Y1g- -+ Ungg)’
and Yg = (J1g>--->Unyg)’- The first and third terms of the expression are identical for both
estimators. Thus, we focus on the middle term. Let 4, = Y, — ng be the vector of residuals
from the regression using Y as dependent variable, and let 4 AM D Yg — XQSM D be the vector of
residuals of the estimator using the fitted values as regressand. We show that Z, ;ag =7 ;aé\/l D for
all g. By Proposition 3, SMD — §, Thus, the fitted values of both estimators are identical. Next,
define Xg = diag{Z1g,...,Tn,e} and recall that regressing Y, on X g is the same as performing
G separate regressions. Let ng be the coefficient vector of a OLS regression of Y, on X'g. Note
that Z, is in the column space of X,,. Define the projection matrix P= Xg(X;Xg)_IX;. Since

Zj is in the column space of Xg,

PZ, = Z,. (34)
Then,
ZaMP = 7! (ffg —ngMD>
= Z\XyBy — ZgX 40
= Z)Xy(X, Xg) ' XYy — ZyX g0
= Z;(Yg - ng) = Z;ﬂg,

where the fourth line follows by (34). Since this holds for all g, the desired result follows directly.
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B Proofs of the asymptotic results

B.1 Proof of Lemma 1

Proof of lemma 1. Starting from the definition of the estimator we obtain

§(r) = (X’ZW(T)Z’X) X' ZW (1) Z'§(7)

(S (S2x) Sy W) 303 st )
j=1i=1
(S ()Szx) S W) 33 s (7% (Bi(7) — 55(0) + 585 ()
j=1 i=1
(S ()S2x) S W= 303 2 (7% (51(0) — 55(0) +a4g8(0) + )
j=1 i=1

n

= 5(r) + (S W(r)Szx)  Spa(r) S5 s (& (Br) - 55(0) + ).
j=1i=1

B.2 Proofs of Theorems 1 and 1’

As a preliminary step to prove the uniform consistency of our estimator, we show uniform

(in 7 and j) consistency of the group-level quantile regressions.

Lemma 3 (Uniform consistency of ﬁJ(T)) Under Assumptions 1-4 and 8(a), we have

sup max ||5y( 7) = Bjll = 0p(1).
reT 1

Proof of Lemma 3. Angrist et al. (2006) show uniform consistency in 7 but not in j of the
quantile regression estimator (see their Theorem 3) while Galvao and Wang (2015) show uniform
consistency in j but not in 7 (see their Lemma 1). We show here uniformity in both dimensions
by following the steps of the proof in Galvao and Wang (2015) and extending it. We define
Quj(1,8) = + 30y pr(yis — &;8) — pr(yig — #;8i(7)) and Q;(7,B) = Elp;(yij — &};8) —
pr(yij — %3;Bj(7))]. Angrist et al. (2006) show that the empirical process for each group j is
stochastically equicontinuous because |Qy;(7/, 5') — Qn; (7", ") < Cy - |7/ = 7"+ Co - || ' = B"||

where C1 = 2 - C - sup||]| for any compact set B and Co = 2 - C. The constant C' is defined in
BeB
Assumption 2. Note that C; and C5 are neither functions of j nor 7.

Fix any 0 > 0. Let Bj(6,7) := {8 : || — B;j(7)|| < 0}, the ball with center §;(7) and
radius . For each 8 ¢ B;(d,7), define B = ;8 + (1 — r;)B;() where r; = m So
p € 0Bj(0,7) :=={B: ||8 — Bj(7)|| = 0}, the boundary of B;(d, 7). Since Q,;(53,7) is convex in
g for all 7, and Q;(B;(7), ) = 0, we have

Tj@nj(ﬁﬂ_) > an(ﬁaT) = Qj(BvT) Jr@nj(BvT) - Qj(BaT) > €5 +an(ﬁ~77_) - Qj(BvT) (35)
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uniformly in j and 7, where

€5 := inf inf inf E
TE€T 1<j<m ||B—B;(7)||=6

z};(B—B;(T))
/0 (L(yij — 23;8i(1) < 5) — L(ysj — Z3;8i(7) < 0)) dS]

by the identity of Knight (1998) and €5 > 0 by Assumptions 3 and 4.

Thus, we have the following

(a)
{sup max |3,() — 8,(7)]| > 6} & (3r; € T.36; ¢ Bi(6.75) - Quy(Bj.75) < 0}

reT 1

(b)

C UL ysup  sup  [Qn;(B;,75) — Q;(B;,75)| = €
TGTﬁjEBj((s,Tj)

Relation (a) holds because, by definition, Bj(T) minimizes Qy;(5,7), and Qy;(58;(7),7) = 0.

Relation (b) holds by the rightmost inequality of line (35). Then, it follows that

P{sup max |5;() - 5j(7)||>6}§P{UT-1{sup sup |@nj<ﬁjn>@j<ﬁjm>|zea}}

reT 1 TET B;€B;(4,7)

SZP{SUP sup Ian(ﬁjvT)Qj(ﬁjaTNZEé}
j=1

TGT,B]'EBJ'((ST)

<m max P {sup sup ‘an(ﬁjﬂ') - Qj(ﬁjﬂ')’ > 55}

Isjsm | 7eT g;eB;(6,7)
Therefore, if we can show that

maxP{Sup sup | Qui(Bj,7) — Q3 (BT >>65} <1>

1<ism | 7T ,eB;(57) m

the proof of the lemma will be completed.

Without loss of generality, we assume (3;(7) = 0 for all j and 7 € 7. Then the balls B;(0,7)
for all j and 7 € T are identical and we denote them by B(J). Because the closed ball B(4) is
compact, there exist K balls with center 5%, k = 1, ..., K, and radius ﬁ such that the collection
of them covers B(§). For any € > 0, we can find a finite K that satisfies this condition and is

independent of j and 7. Therefore, for any 8 € B(¢), there is some k € {1, ..., K'} such that

Qi (B,7) = Qi(B,7)] = Qs (B, 7) — @ (", 7)| < 1Qn; (B, 7) — Qi (B,7) — Quj(B*,7) + Q;(B8*,7)]
< |Qn](ﬁ»7—) - @n](ﬁkaTH + |Q](577—) - Qj(ﬁk77—)’
€ 2

€
< i
Crze, T30, = 3

uniformly in j and 7 € 7. The third line is justified by the stochastic equicontinuity of Q,; (5, 7).
It then follows that, for any € > 0,

sup Sup |an(ﬁ’7_)_Qj(5’ )| <Sup1mkax ‘@nj(ﬁ ,T) — Q]( )|+%

€T BEB(5) reT 3
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and

P{sup sup |Qn;(B,7) — Q;(B,7) > }<P{SUP max |Q"J( 7) — Q]( )|+§ >€}

T€T BEB(S) reT 1<k<K

:P{sup e 0,5(8%,7) — Qi(6%7) > £}

reT 1Sk<K

< SUPZP {|QW ,7) = Q;(8%, 7| > g}

TGTk, 1

For each 7 € T, Q,;(8*,7) is the sample mean of n i.i.d. terms bounded in absolute values by

2-C' 4. By Hoeffding’s inequality, it follows that
K € 2ne?
k k
k§:13P{\@nj</3 )= Qi(85 7> £} < 2Kexp{—32220252}

2
ne
— 2hexp {‘180252}
= O(exp(—n))
This upper bound is deterministic and not a function of 7 such that it also applies to the

supremum over 7. Since 1“% — 0 by Assumption 8(a), it follows that O(exp(—n)) = o(1/m).

Proof of Theorem 1. We start from Lemma 1 and show that the last factor converges to zero
while the other factors converge to finite values.
First, it follows from Assumptions 1(ii), 2(i) and 5(i) that Var (n Sy zija;;j> = o, (1)

and E [l oy zijxgj} = E[z;;z;]. Hence, by Assumption 1(i), Var( Py IS, xw%;) =

op ( ) By Chebyshev’s inequality,

I S N )
J=1 =1
In addition, by Assumption 5(iii), m~* > Elziga;] — zx. It follows that
Szx e Yzx

Uniformly in 7 € 7, W(7) — W(r) where W () is uniformly continuous. Together with the
P
boundedness of ¥z x and the invertibility of ¥, W (7)Xzx, it follows that

sup (S (7)S2x)  Spa () 2 (B W(r)Elpx) ™ S W) (36)

By lemma 3, Bj(T) is consistent for 3;(7) uniformly in j and 7. Together with the bounded-

ness of x;; in Assumption 2(i) and of z;; in Assumption 5(i), it follows that

Supi Z Z Zl] zy IBJ /Bj (T)) 7 0. (37)

mn
TET =1 i=1
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By Assumption 5(ii), E[z;ja;(7)] = 0 uniformly in 7. By Assumption 5, Var(z;;o;(7)) is

uniformly bounded. In addition, z;; is bounded and «;(7) is uniformly continuous in 7. Hence,

1 m n
— o (7) — 0. 38
sup_— > zas(r) = (38)
7j=11i=1
The result of the proposition follows from equations 36, 37, and 38. ]

When the rates of convergence of the moments are heterogeneous, i.e. when L; > 0 instru-
ments satisfy Var(zijo;(7) = 0 and Ly > 0 instruments satisfy Var(Zija;(7) > 0, then the rates
of convergence of the different elements of the efficient weighting matrix will also be heteroge-
neous. In such a case, depending on the scaling of W (the estimator is invariant to the scaling of
W), either some elements converge to 0 or other elements diverge to infinity such that Theorem
1 does not apply. However, Theorem 1’ shows that this does not preclude the consistency of the

estimator.

Theorem 1’ (Uniform consistency when the weighting matrix is asymptotically sin-

gular). Let the model in equation (1), Assumptions 1-7, Assumption 8(a) hold. W () — W (r)
P

uniformly in T € T, where W () is symmetric. For allti, 7 € T, ||W(r2)—W(n1)|| < C|ra—11].

For oll 7 € T, we partition
Wll(T) Wm(T))
W - )
(T) <W21 (7’) W22 (7’)

where the Ly X Ly matrix Wi1(7) and the Lo X Lo matriz Waa () have eigenvalues bounded away
from zero and infinity uniformly across T. For any element wy of Wi1(7) and any element wy
of Wia(1), War (1) or Waa(T), we have wa/wi = op(1).

Then,

supl|0(7) — 6(7)|| = 0p(1)
TeT

Proof of Theorem 1'. The proof is similar to the proof of Theorem 1 except that ¥, WX zx is

not necessarily invertible. We partition the matrix ¥z x as follows
Sy = (211 212) _ (211 0 )
o1 Yoo o1 Yoo
where Y11 is L1 x Ky, Y19 is L1 X Ko, Y91 is Lo X K7 and Xgs is Lo x K5. Note that X195 = 0:
Y12 = B [21552h;5] = Bj [Bs [21052%;]] = Ej [Bi [2155095]] = E; [Bq [2155] w25] = 0
To simplify the notation we suppress the dependency of W on 7. Note that
DD ¥4 Wi Wi\ (211 0
E/ wX — 11 21
aXT N ( 0 %) \War Wa) \Zar ¥o

_ <A11 + B11 Bm)
Bay Bas

48



where Ay = X, Wi1X11, B = 3, WiaXa1 + X5 W1 311 + X5, WaaXor, B = X1, W12X22 +
Y0 WaoXao, Bay = XooWa1 311 + XooWae X1, and Bag = X5, WasXes. Note that Aj; and Bag are
invertible by Assumptions 5 and the strict positive definiteness of W11 and Wa,. Note also that
By is relatively negligible compared to Ay in the sense that A7 By = 0,(1) By the inverse of

a partitioned matrix, we obtain
(2yx WEzx !

_ (A1 + Bi) ™! — (A11 + B11) 7! Bz (Baz — Boi (A1 + 31%)71312)71
— B3y Boi(A11 + Byp) ™ (B22 — Ba1(A11 + Bi1) ' Bia)
where > Similarly,
LW = <E'11W11 + X5 War X7, Wi + 2'21W22)
zxW =

X War N War
where X, Wiy + X5, War = 31, Wi1 + 0p(1). Combining these results, we obtain
- A W 0
S, WS 1’W:( _ Sl sutn _ >+o1
( 7x ZX) 7x _3221321A1112/11W11 "'32212/22”/21 32212/22W22 p( )

All the terms in this matrix are finite. The rest of the proofs follows as in the proof of Theorem
1. [

Proof of Lemma 2. Part (i)
Lemma 3 in Galvao et al. (2020) provides the uniform Bahadur representation for the

individual-level quantile regression coefficient under our assumptions:

Bi(r) - By(r Z@T (Fij, i) + R (1) + R (1), (39)
=1
where

®j, T(%J»ylj) B xw( (yij < jijﬁj(T)) -7) (40)

with Bjr = E[f,1o(Qy)o(T|Ti5)]7ij)%i;%;;] and
o] -0 (57) @
o 10] -0 (42) ®
sup sup 1| (1))~ BIRL) (7)) (R0 LR | | = 0 ((1"5”) 3/2) (43)

It follows that

1 m n ) A 1 m 1 n ) 1 n )
% Z Z Zijl‘;j (ﬂ] (T) — 6]' (T)) :E Z (TL Z Zm‘l’%) ( (z)j,T(xij; yzg)) (44)
j=1i=1 j=1 i=1 =1
e [1 ) 1)
+— > ~ > ayiy | Byj(7) (45)
j=1 i=1
1 = (1< = 2)
o 2 | 2o Fdy | B () (46)
7j=1 i=1



Consider first the third term (46). By assumptions 2(i) and 5(i), x;; and z;; are bounded by
C such that the sample mean of their product is also bounded. Therefore, (41) implies that

fggm Z ( Z% ) (1) =0, (10§”> (47)

Consider now the second term of (44). Since Var (R(1>(7)> = 0(1) by (43), z;; and z;

nj

are bounded by assumptions 2(i) and 5(i), and observations are independent across individ-

uals, it follows that Var (% > <% S Zz‘ji‘;j) jo) (7-)) = 0p (). In addition, by (42),

supsupE {R( )} =0 (k’%> such that supE {% Py (% > i Zij@j.) jo) (7.)] — 0 (logn)
j TET TET
Putting this together, by the Chebyshev inequality and under Assumption 8(c),

529m2< >t ) 10 = () )

It follows that both remainder terms are o, (ﬁ) uniformly over 7.

Consider now the term (44). Let Yzx; = E[z;;%;;|vj], i.e. Yzx; is the expected value of

zwx for group j.

I e [1 1<
N EATE) SIRCARIE
j=1 i=1 i=1
n

1< [1 1 & 1 & 1 &
> (= Z 2y — Saxg | | =D i @igovig) | + =D Szxs | =Y ¢ir (@) | (49)
m Jj=1 " " i=1 m j=1 n i=1

By the boundedness of z;; and x;; and the independence of the observations over time, it follows
that H% Yoy zijigj — EZXjH = 0o(1) uniformly in j. In addition, Var (% Yoy <Z>j’7(5cij,y,-j)) =
O (%) Hence,

1 & 1 <& 13 ) )
mzl (nzlzz]irzj 2ZX]) (n;(piﬁ(xij,yij)) =0 (Wm>
J= = i

The model in equation (1) and Assumption 5(iv) imply that E [1(yi; < Z4;5;(7))|Zij, zij, vj] = T,
which implies that

m

Z (TlL Z EZXJ) <; Zﬁbj,r(ﬂ?ij,yij)) -0
=t i=1

uniformly in 7. Therefore, by Chebyshev inequality,

Lo . 1 . 1
~ Z (n sz’ﬂiij - EZXj) (n Z%’T(xij’y’j)) — o (W) 0
e P i=1

uniformly in 7.
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Since all other terms are o, (ﬁ) uniformly over 7, the limiting distribution of the process

— Do 2o % (/3’3(7') — Bj(T)) is the same as the limiting distribution of

1 & 1<
- Z Yzx;j (n Z Gjr (T4, Z/ij))
]:1 =1
—1 n

— > Sy ( 2 a1 < Ffr) - T>) = oY s ()
i=1 '

This is a sample mean over mn independent (but not necessarily identically distributed) ob-
servations denoted by s;;(7). The model in equation (1) and Assumption 5(iv) imply that
E [1(y7,] < jij/Bj (7'))|i‘ij, Zigs Uj] =T, which implies that E[Sij (T)] =0.In addition,

Var(sij(1)) = E[Xzx; Var(¢ir) Xy x;] = E[Szx; By m(1 = 7)Ezijal;|v)] B 1 Sy (52)
Pointwise asymptotic normality follows by an application of the Lindeberg CLT.

_p-!
Next we note that {szj < ]731“ o T (L(yiy < Z458) — T)) TET,BE B} is a Donsker

class for any compact set B. This follows by noting that {1(y;; < &;;6;(7)),7 € T,5 € B} is a

VC subgraph class and hence a bounded Donsker class. Hence,

{iziz’j(l(yzj <&;B)-r7),TET,B€ B}
i=1

is also bounded Donsker with a square-integrable envelope 2-maxe1,. 7 || < 2-C. The whole
function is then Donsker by the boundedness of ¥z y; and B;Tl The weak convergence result
follows by application of the functional central limit theorem for independent but not identically
distributed random variables, see for instance Theorem 3 in Brown (1971).

Part (ii) follows directly by Lemma 3 in Chetverikov et al. (2016).

Part (iii) The first moment is asymptotically equivalent to (up to a term, which is uniformly

Op (ﬁ))

% > Sax; (_
j=1

We have already shown that both moments have mean zero. By Assumption 1, the observations

Bfl n
PEN (i < 3458(7)) — T)) :
=1

are independent across ¢ and j such that we only need to consider the correlation between both

moments for the same individual and time period.
Cov(Zij(1(yij < 24;B;(1)) — 7), 2i505(7"))
=E[Z;(1(yi; < 2458i(7)) — T)Zz/‘jaj(T/)]
= E[Z;E[(1(yij < 24585(1)) — T)|2ij, 25, v5]25505(7)] = 0
It follows that

1
sup [|Cov(gl) (3, 7), 320, 7Nl = oy ()

7,7 €T mn

o1



Proof of Theorem 2. From the definition of the estimator,

o o -1 ~

8(r) = 8(r) = (SyxWSzx)  SyxWamn(6.7)
As shown in the proof of Theorem 1, Szx — Xzx. We can partition the matrix Xz x as follows

Sy = <211 Z12) _ <Z11 0 >
Y1 X2 Yo1 X2
where 211 is L1 X Kl, 212 is L1 X KQ, 221 is L2 X K1 and 222 is LQ X K2. Note that 212 =0:
Y12 = B [21552h;5] = Ej [Ee [21j2;5] | = B [Ee [2155225]] = Ej [Be [2245] 225] = 0

To simplify the notation we suppress the dependency of W on 7 in the rest of the proof. Note

that
> ! W, 0 by 0
/ _ (11 &:; 1 11
sowsae= (0 32 (0 ) (G 5)
o <2'11W1211 B12>
' By Bas

where Ay = X, W1Eq1, By = S WniXn + Z) WieXar + 5, W1 X11 + X5 WaeXa, Bia =
Y WhaX22 + 35, WaeXag, Bop = YoaWa1X11 + XoaWaoXar, and Bag = X4, WaaXes. Note that
Aq1 and Bss are invertible by Assumptions 5 and the assumption on the weighting matrix. By

the inverse of a partitioned matrix, we obtain

(SyxWSzx) ' =

_ -1 _ B _
(AT + Bi1 — B12Byy' Bay) — (AT + By) ' B (Bag — Bo1 (AT + 3%1) 'B12) !
— By Byi(A11n + By — B12Byy Bat) ™t (B2 — Bo1 (AT + B11) 'Bi2)
Similarly,
LW = 2,11W1T + EIHWH + EIQIWH ZIHWH + E,QIWQQ
2x S War S Waz

As T — oo, applying L’Hospital’s rule for the first column, we obtain

—15v
-1 A b)) Wl 0
NoxWzx) % W—>< _ S _ _ )
( 7x ) 7x _B22IB21A1112/11W1 +32212/22W21 B2212/22W22
All the terms in this matrix are finite by the invertibility of A1; and Bos.
Next, we partition the matrix Szx to separate the z1;; from the zo;; components as well as

the 1;; from the x2;; components:

Syx = <511 512> _ <511 0 >
521 SQQ 521 5227
where S11 is Ly X K1, S19is L1 X Ks, So1 is Ly X K7 and Sy is Lo x K5. Note that S12 = 0:
e L BV o
mn J J mn J J mn = J - J m = J~1]

7j=1 =1 j=1i=1 1 i=
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This means that the fast moments (individual-level-instruments) cannot identify the coefficients
on the group-level covariates.

It follows that

A,;ls'ZXWSZXA;1:< héx/T Sgl/\/f) ((WlT 0) . (WH W12>> <511/ﬁ o)

Sha 0 0 War W So1/VT  Sa
Si W1 Sh 0
= N 1).
( 0 Sy W) "W
and
A-lgl TWA-L — Sy /NT  Shy/NT WAT 0 n V:Vn V:VIZ I, /VT 0
nomaxT 0 S5 0 0 War Wa 0 Ir,
= 5 1).
( 0 552W22 +OP( )
Using the results derived in the proof of Proposition 1, we obtain
« -1 ~
(A;ls'ZXWSZXAgl) ATLSL WAL
(34, Wis) " B4, W 0 )
— _ =G. 53
P < 0 (2o WaaX) ™ Xy W (53)

Combining this result and Lemma 2 with Slutzky’s lemma, we obtain

A (8(7) = 8(7)) = N, GOG).

B.2.1 Covariance Matrix

Proof of Proposition 1.
ST 2 ! z -1 z 1 < Py, z ! T -1
]:
By the proof of Theorem 3 it follows that

(S5xW(r)S2x) " Sy () = Glr) +0,(0).

Consider now the term in the middle and insert 4; = Xjﬁj—ng = X;(B;—B;)+X;(6—0)+aj,

to obtain,

]‘ = ] ~ A ]- “ / <> ~ /
mn? ZZ]uJuij 2 Z Z; (XJ(BJ — Bj) + X;(6 —6) + O‘J) <Xj(/8] —Bj) + X;(0 —0) + aj) ZJ>
Jj=1 j=1
_ Ly X 3 151 / 1t
=7 (XJ(BJ B)(B; — B;) X!+ aza, + X;(6 — 8)(6 — o) X
Jj=1

+ (B — By) X} + X;(B; — Byl + a; (6 — 0)' X[ + X;(6 — 5)04}>Zj>'
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Next, we want to show that all but the first two terms converge to zero quickly. We consider
each term separately. Let (pnn(7) = \/;% + ﬁ ||V (T)[|M2, where V() = Var(za;(7)). Note
that (5 — 8) = Op (Gun(7)) and (3; — ) = O (72 ).

Consider the first term. By the proof of Lemma 2(i), it follows that

2 ZZ;XJ(BJ - BJ)(ﬁ B]) ;Z (712 ZZ” 2](5 ,8])> (712 ZZ”:EU(B ﬁ])>

j=1 J=1 =1 =1

1 & 1 ¢ /
(EZXjn > i (Eij, Zij)) (EZXjn > i (@, Zij)) ]
; =1

=E

For the second term, we have

1 e— Var(z;a;) 1
mz:lzjz]a = Var(Zjo) + Op <\/ni1]> Qo+ Oy (\F) 1 Valls
]:

where the first equality is follows by the central limit theorem,

1 m
\/EEZ Var (Zjoy)~ 1z]zjoz] 1] = 0,(1),
7j=1

which implies that % ZJ 1 Zj z]a] Var(z;a;) = O, <Var(2jaj)> '
Consider now the third term. We have that

N

T S e 9 91 O DA ILERTLEV £ oy
J=1 J= ' ‘
=0p(Cn)-

=1

The fifth term is just the transpose of the fourth term. Thus we will consider only the fourth
one.

For the sixth (and seventh) term(s), we have that
1 m
L sza] R =1 5a < wa ”> = 0y (Gun -1,
j=1

Finally, for the eighth (and ninth) term(s), it follows that



Hence,
R 0, ) e
mn2 ZZJ g ]Z = ?_‘_QQ—"_OP(Cmn—i_Cmnn )7

and the final result follows directly by the continuous mapping theorem. ]

B.2.2 Overidentification Test

Proof of Proposition 2. First, we want to rewrite the J-statistics, in a way that accounts for the

different convergence rates of the moments conditions:
J(0) = MGynn(6)'S ™ Gn (3)
N/ . .
= (AnGmn(8)) At ST AL A i (9)
— ( mngmn IS lA lAmngmn(S)-

) A
( mnGmn ( 8 ) Q! A Gmn( 5)

where \/mA,, = A, and O 1= (A SA )

Second, we want to show that gmn,(d) = B (gmn( )+ L Do i zij;i;j(ﬁj - ﬁj)). Recall
that 17] =X;0+ o+ X'j(Bj — Bj). Hence, we can write
ZY; = Z; X 5+Z’aj +ZX;(8; — B)
n

S,o=98zx0+ — Z Zzwa]qtéz%z,zwx 3 Bj)
= 7j=1 i=1

SZY =Szx0+ gmn(é).

Then, note that

P IS I .
Gmn(0) = - Z - Z zij(Yij — x1;0)
= 8,5 — Syxd
N -1 A .
= S5 = Szx (Szx87'82X)  Szx87'8,5 = BS 1y,

~ N -1 N
where B = <IL — Szx (S'ZXs—lszX) S’ZX5—1>.
Thus,

gmn(g) = Szif
~ —1 ~
I — Syx (S/ZXS—lszX) S/ZXs—l) (Szx8 + Grn(8))

Gmn(0).

Il
Uj> VN m>
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Since (2 is positive definite there exist a matrix C' such that Q1 = C’C.
We define A = CA, Sy and M =1, — A(A'A)~ A
In this third part, we show that

B' AU Ay B = Aypyn ' MC A .
Note that
~ ~ -1 N
CAon B = C A <IL ~ Syx (S’ZXs—lszX) S’ZXS—1>
N -1 ~
_ <0Amn — CAmnSzx (S’ZXS*SZX) S’ZX51>

Chmn — O Szx (Syx AnC'CALSzx) ™ S’ZXAnC’CAn)

CAn — CAnSzx (Syx AC'CA,Szx) ™" S’ZXAnC’CAmn)

MmN T NN

I~ A(A'A) 7 A") Chyan
= MC A

Where the third line uses Q' = A;18~1A~1 = C’C. The fourth line follows because A, =
vmA,,. In the last two lines, we use the definitions of A and M.

M is symmetric and idempotent. Thus

B' A A B = B' Ay C'C Ay B
= (CAynB)' CApn B
= (MCApmn) MCApp
= ApinC'MCA .

The rank of M is the trace of M, which is L — K.
Since Q = A, SA,, is positive definite, there exist a matrix @ such that

Q/Q — Q_l

and the probability limit of C' is Q). We define v = C'ApypGimn (0).
It follows that

AnGmn(8) & N ((8) : <le Q;)) ~ N(0,9).

Thus it follows directly that

v N(0,Q0Q) = N(0,Q(Q'Q)™'Q) = N(0,I1).

o6



Now we can come back to our test statistic:

J(8) = Ngmn(8)'S ™ G (5)
= (Ann () A G (9)
— (Amntm(é))/Q_lAmn (Bgmn(é))
= G (8) B' Ny Q™ A BGin (6)
= G (0) A C" M C Ay Grnn (8)
= [CApnGrmn (8)]' M [C A Grmn (0)] -

Since M is idempotent with rank L, it follows that

C Optimal Instruments and Minimum Distance

In this section, we show that if oj(7) = 0 for all j and 7, efficient minimum distance can be
implemented by optimal instruments. From equation (33) we have that if a;j(7) = 0 for all j
and all 7, E[(X;5;(1) — X;0(7))(X;5;(7) — X;0(7))'| X;] = X]@X]’ This implies the optimal
instrument Z7 = (Xj@XJ’.ﬁXj. Since n is a scalar, using Z7(7) = ()@V}(T)XJ’»)*Xj leads to
the same results.

Proposition 6. The IV regression with instrument Z7 (1) = (XjV}'(T)XJ/-)Jer is the efficient
MD estimator.

Proof.

3EMD(T) = ZR; Aj_l(T)Rj ZR;-V]-_I(T)@'(T)

The second line follows by the relationship between X'j and X, that is X'jRj = X; and the

third line follows since for a full column rank matrix X;, X;r = (X j’f( DX 2 u

o7
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